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Page Z3. 

Exercise 1. Let F be the other point in which the circles intersect. 
Draw the straight lines AF, BF, 
Then •/ ^ is the centre of © BFDy 

.\AF=AB; 
and •/ .B is the centre of © AFE^ 

.-. BF^AB. 
.-. AF=BF^ and ABF is an equi- 
lateral A. 




Ex. 2. Let ABy CD be two given straight 
lines, of which AB is the less. p. 

Draw the straight line AE=CD, and with 
centre A and distance AF describe © EFH, 

Produce AB to meet the Oce in ^. 

Then AH^AE^ and .'. AH=CD. 




C D 

Fio. 2. 



Ex. 3. With centre B and distance BC de- 
scribe © CDEf and from B draw any line 
BD to meet the Ocein D, 

Then BD=BC. 




Fio. 8. 
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Ex. 4. Let AB be the given straight line on which the isosceles 
triangle is to be described, and let CD be the given straight line to 
which the equal sides of the triangle are to be equal. 

In AB, or AB produced, take 
AE=CD. 
In BA, or BA produced, take 
Ik BF=CD, 

With centre A and distance AE 
describe the © EGH, 

With centre B and distance BF 
describe the © FGK. 

Draw the straight lines AG, BG. 
Then '.• AG^AE, .'. AG=CD ; 
and •.• BG=^BF, .\ BG=CD ; 
.'. AGB is a A described as was required. 




Pig. 4. 



Page 20. 

Exercise 1. Taking the diagram of Prop. IX. 

•.• AE=AD, .-. I ADE= l AED; 
and •.• FD=FE, .-. i FED = z FDE ; 
.-. z ADE with I FDE = z AED with z FED ; 
.-. z ^i>2^ = z ^J?2^. 
Then •.• AD=AE, and FD=FE, and z ^JD-F = z AEF, 

.'. L EAF = z D^^. 

Ex. 2. If the vertex F fell vrUhin the triangle D-4j&, or without 
the triangle DAE, the proof given in the proposition will hold good. 
But if the vertex F Ml on A, the construction will fail. 




Page 2z. 

Exercise 1. In the a^J^C, let AB^AC. 
Let AD bisect z BAC and meet £C in D. 
Then •.* AB=AC, and -4D is common, 
and z B^D = z C^D ; 
r.BV--CD, 
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Ex. 2. In the diagram to Ex. 1, suppose that AD bisects BC 
inD. 
Then •.' AB=AC, and AD is common, and BD^CDy 

.-. z BAD = z C^D. 



Ex. 3. Let AB be the given straight 
line. 

Bisect AB in C, and with centre B 
and distance £C describe the Ci>^. ^ 
Produce AB to meet the Oce in JSf. 

Then',' BE =CB, 

.', BEia one-third of AE, 




Pio. e. 



Page 22. 

Exercise 1. Taking the diagram of Prop. 
IX., let be the point in which AF and ED 
intersect. 
Then *.* AD=AE, and -40 is common, 
tijid A DAO = A EAO, 
.'. DO=J&0, and z^OD= i AOE ; 
.'. AF bisects DE at right angles. 




Fio. 7. 



Ex. 2. Let DO, EO be two lines bisecting AB, ACy two sides 
of the equilateral A ABC at right angles. 
Join AG, BO, CO. 

Then *.• AD=BD, and OD is common, 
and z ADO = z ^DO, 
.-. OA = OB. 
Similarly, it may be shown that OA = 0(7. 

.'. OA, OB, OC are all equal. p,o. s. 




Ex. 3. In Prop. IX. we draw a straight line AF making equal 
angles with each of two straight lines BA, CA which meet. 
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In Prop. XI. we draw a straight line FG makiDg equal angles 
with each of two straight lines (7-4, CB which meet, anhdi are in the 
same straight line. 

Page 23. 

Exercise 1. Because the point might be in such a position that 
it would be impossible to draw from it a line perpendicular to AB, 




Ex. 2. In the A ABC let AD he a, perpendicular 
on BG bisecting it. 
Then *.• BD=CDy and AD is common, 
and A ADB = z ADC, 
.-. AB^AG, 




FiO. 10. 



Ex. 3. Let D, E^ F be the middle points of AB, 
BC, GA, the sides of an equilateral A . 
Then in as BAF, GBD, 

V BA = GB, and AF=BD, 
and I BAF = z GBD, 
C .',BF=GD. 

Similarly, it may be shown that BF=AE, 



Page 24. 



Ex. 1. 





Fig. 11. 
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Ex. 2. Let BAC be the given angle. 
Bisect L BAC by the straight line AD. 
Then bisect z BAD by the straight line AE ; 
and bisect i CAD by the straight line AF. B 




Ex. 3. Let ABC be the given isosceles triangle. 
Then since z DBC is half of z ABC, 
and A DCB is half of z ACB, 

.'. L DBC = z DCB, (Ax. 7.) 

and .-. DB^DC. B 




Fio. 18. 



Ex. 4. In the as FBD, DCEy 

V FB=DC, and BD^CE, 
and z -Fifi) = z DCE, 
.-. FD-^ED. 
Similarly, it may be shown that FD=FE. 




Ex. 5. Let -45 be the given straight line, C and D the given points. 

Join 0, D by the straight line CD; and c 

bisect CD in E. 

Draw j&jP* at right zs to CD, and let EF 
meet -4jB in F. 

Join OF, DF. '^ 

Then •.' CE^DE, and ^i?" is common, 
andz CEF = iDEF, 
.-. CF^DF. 

Note. — If C and D be so situated that the ^ ^ 
line joining them is perpendicular to AB, tYie \> 

problem is impossible. y\^. \t>. 
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Ex. 6. Let ABC he the given A , having the 
angle ABC an acute z . 

Bisect BC in E, and draw £D ± to BC, 
meeting BA or BA produced in D. Join DC. 
Then •.' BE=^ CE, and ED is common, 
and I BED = z CED, 
.'. DB=DC, 




FiQ. le. 



Ex. 7. In AS ^-FO, AGBy 

•.• FA=-GA, and ^0=^45, and z -F^C = z GAB, 
/. ^0= C/5, and z J^i^'O = z C(?R 
Next, in as B-FO, CC/-B, 

•.* BF^ CG, and i?'0= GB, and z J^i^'O = z OOjB, 

.-. z ^50 = z C/0J5, and z BCF = z C5(?. 
From z ZBO take z C^(?, and from z (?OjB 
take z^OF; 

then z ^5H = z GCH. 
Then in as i^'^H, GCH, 
•.• z B^fi^ = lCGH, and z i?!BH = z (^Off, 

and^5=(?0, 
.-. 5il= CH, and i?^J3 = (?JT. (I. B.) 
G Then in as AFH, A GH, 
Fio. 17. *. • AF= A G, and AHia common, and Zff^ GH, 

.-. z H4^ = z ^.46?. 




Ex. 8. Let AD cut 50 in E, 

Then in as .4J5i), ACD, 
V AB^ACy AD k common, and CD=BD, 

.-. z CAD = z 5^D. 
Then in as ACE, ABE, 

\' CA=BA, AE is common, 

and z CAE = z jBu4-E?, 

/. CE^BE, and z ^-E?0 = z ^^B ; 

.'. AD bisects BC at right angles. 
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Ex. 9. To any point of the circumference FEH. 

Ex. 10. Produce AB, AC two sides of A ABC to D and Ey and 
let z DBC = z ^0^. 

In CE or C£? produced take CF^BD, and A 

join DC, FBy FD, 

Then '.- DB=FC, and ^C is common, 

and z 2>50 = z FCB, 

.-. DC=FB, and z -BDO = z Cf^^, 

and z 50D = z 0^2^. Ji=^ i^^AF 

From z CBD take z CBF, and from z -BCi* 
take z BCD, 

then z F^2> = z i>02^. 




Fio. 19 



Then .• FB=DC, and BD^CF, and z f'JJI) = z I^Oi', 

.-. z JJ1>2^ = z CFD, that is, z -42>-P = z ^iJ^jD ; 

.-. AD^AF, and .-. ii-B=^a 



Ex. 11. Since AC=AD, ,\ z ADC = z ^OA 
and .*. z uiDO is greater than z 5CZ) ; much 
more is z £D0 greater than z £CD. 

Hence ^(7 cannot be equal to BD, for then 
z JSOD would be equal to z -BJDC. ^ 




Pio. 20. 



Ex. 12. In AS J5u4jE?, D-IO, 

•.• BA-^^DAy and u4E=-4a, 

and z BAE = z D40, 

.*. z 5^^ = z DO^=a rt. angle. 




e\^*iv 
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F)o. 22. 



Page 25. 

Exercise. Let ABCD be the quadrilateral figure. 
Then zs AOB^ ADD together = two rt. zs, 

and zs BOC^ COD together = two rt. zs ; 

.'. the four zs at together = four rt. zs. 



Page 26. 

Exercise. The words upon the opposite sides of it are necessary, 
because without them the words the adj<icerd angles would have no 
meaning. 



Page 27. 

Exercise 1. Let EF be the bisector of z AED, and EG be the 
bisector of z BEC, 

Then •.• z AED = z BEG, 

.-. z GEG = z i^^jD (Ax. VII.) 
.-.sum of AaAEGjAEF 

= sum of zs AECy CEG, AEFy 
= sum of zs AEC, FED, AEF, 
= Bum o{ IS AEC, AED, 
— two rt. zs ; 
.*. EF and EG are in the same st. line. 





Ex. 2. Draw EF± to AE, and EG ± to CE. 
Then sum of z s GEF, GEA = a rt. z , 
=sum of z s AED, GEA ; 
.\ iGEF=^iAED. 



Fio. 24. 
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Ex. 3. In A s AEB, BEC, 

V AE=BEy and ED=^EO, 
and z^^i)= lBEC, 
, .'. the A s are equal in all respects. 




Fio. 26. 



Page 29. 

Exercise 1. If it be possible let AB^ AC, AD be three equal st. 
lines drawn from A to meet the st. line MN. 

Then *.• AB=AD, 

.-. lABD^ADB, 

Now I ACD is greater than z ABD ; 

.*. z ACD is greater thanz ADB, that is, 
A ADC; 

.*. AD is greater than AC, which is contrary |V| ^ c d N 
to the hypothesis. Fio. 2e. 




Ex. 2. Let FC make with 5i) the z s ^CB, J^'OD, of which FCB 
is obtuse and FCD acute. 

From ^ draw FE± to J5D : ^^ must fell on 
the side of the acute angle. 

For if it fell otherwise, as FG, then would 
z FOE, an acute angle, be greater than the 
interior opposite iFGC, a right angle, which B^ G C E 
is absurd. Fio. 27. 




Page 31. 

Exercise. Inthe A-4J5i)let z ^5D= z ADB. 
Then must AB=^AD. For if not, let AB be 
greater than AD, Then will z ADB be greater 
than z ABD, which is contrary to the hypothesis. 
Similarly, it may be shown that AB is not less 
than AD, 

.*. AB^AD, 




Fia 2a 
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Fia 29. 



Page 32. 

Exercise 1. In the a ABC let z ABO be obtuse. 

Then each of the other angles must be acute, 
and .'. AG must be greater than either of the 
other sides. 




Fig. 80. 



Ex 2. Since lAGB\& greater than z -4DC, 
.'. z ABQ is greater than z -4DC, 
that is, z 4jBI> is greater than z ADB, 
and .*. -4Z) is greater than JB. 



Ex. 3. Draw AB, AC, AD from A to meet the straight line EF, 
and let AB be± to EF, and let AC be nearer than AD to -4-B. 

Then since z ulBO is a rt. angle, 

.*. L ACB is an acute angle, 

.\ AC ia greater than AB. 

Also, since z -4 CD is greater than z u4£C, 

/. z -40D is an obtuse angle, 

and .*. z ^DO is an acute angle, 

and .'. -4I> is greater than AC, 




Page 33. 

ExERCTSB 1. Let ABCD be a quadrilateral ; and join AC, 

Q Then '/ AB, BC together are greater than AC, 
,\ AB, BC, CD together are greater than 
AC, CD together. 
But AC, CD together are greater than AD ; 
B ^ .*. AB, BC, CD together are greater than AD, 




' A 




Fio. 88 



Ex. 2. Let ABC be any triangle. 
Then AB, AC together are greater than BC. 
Take from each AB, 

Then ^0 is greater than the difference between 
BC and AB, 
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Ex. 3. Let be any pt. withio, or outside, the quadrilateral ABCD. 

Then *.* OA, OB are together greater than AB, /K p 

and OB, OC „ than BC, 

and OCy OD „ than CD, 

and ODy OA „ than DA ; 

.*. twice the sum of 0-4, OB, OC, OD is greater B 'q 

than sum of AB, BC, CD, DA ; Fio. 34. 

.*. sum of OA, OB, OC, OD is greater than half the sum of AB^ 
EC, CD, DA, 

Ex. 4 Bisect BC, a side of the A ABC in D, join AD, and produce 
it to E, making DE—DA. a 

Join EC. 

Then '.• BD = CD, and i>-4 = DE, and 

lBDA^lCDE, ^L ^,-2^0 

/.AB^CE, 

Now sum of AC, CE ia greater than AE, 

.'. sum of AC, AB is greater than AE, that is, C 

than twice AD, ^'o- 8^- 

Page 34. 

Exercise 1. Produce AD to meet BC in i^, and join DB, 

Then sum of AC, CF is greater than AF, c 

.*. sum of AC, CF, FB is greater than sum of 
AF, FB, 

.*. sum of AC, CB is greater than sum of /^ 
AD, DF, FB. ^ 

But sum of DF, FB is greater than sum of A B 

DE, EB ; Fig. 36. 

.*. sum of AC,CBis greater than sum of -4D, DE, EB. 

Ex. 2. Let be any point within the A ABC. Then— - 

*.• sum oiAB, BC is greater than sum of OA,OC, 
and sum of BC, CA „ than sum of OB, OA , 
and sum oiCA,AB „ than sum of OB, OC ; 

.*. twice sum of AB, BC, CA is greater than 
twice sum of OA, OB, OC ; 

.'. sum of AB, BC, CA is greater than sum of q 
OA,OB,OC. m^,^n. 
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Next, •/ snm of OA^ OB is greater than AR, 

and 8om of OB, OC „ than BC, 

and sum of OC, OA „ than CA ; 
.*. twice sum of OA, OB, OC is greater than snm of AB, BC, CA ; 
and .'. som of OA, OB, OCis greater than half the snm otAB, BC, CA. 



Pageas 

ExEBciSK. Take A and C two equal st lines, and take B SksL line 
equal to one-half of either A or C, and then proceed as in the 
Proposition. 





Page 41. 
MUedlaneous Exercises. 

1. Difference between MB and M^ is equal to 
difference between MC and MN, and is therefore 
less than CX, 

that is, less than difference between AC, AN, 
that is, less than difference between AB, AN. 

2. Since z ADB is greater than i CAD, 
.*. L ADB is greater than z BAD ; 
' .*. AB is greater than BD. 
Again, since z ADC is greater than z BAD, 
.\ L ADC is greater than z DAC ; 
.*. AC is greater than CD. 




Fw. 40. 



3. Draw ^j& bisecting z^^O. 

Draw DF ± to A&, meeting AB and ^O in 
If and N, and meeting ^^ in jP. 

Then z ^^Af = z jPAY, and z AFM 
= z AFN, and ^jP is common to the A s 
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4. The construction is the same as in Ex. 3, and then l FMA 
= I FN A, 



5. Draw AD bisecting i BAG, and AE 
bisecting z BAG, E- 

Then •/ sum of zs BAG^ BAC^two rt. zs, 
and z BAE'^h&U of z BAG, 
and z J5u4i)=half of z 5^C, 
.'. sum of zs BAEf BAD=2k rt. z , 
that is, z ^uIjD is a rt. z . 




^. Let -4J50 be a triangle, having side A C greater than AB, 
Let AD, the bisector of z BAG, meet BC in D, and let AE bisect 
50 in J&. 

FromACcxd off ^i?^=^5,and join FD. 
Then •.* AB=AFy and ^D is common, 
and z J5u4D = z ^^D, / \ \ -s^p 

.-. lADF = lABB, 
and .*. z -4i>^ is greater than z ADB, 
.-. z JD-E? is greater than z u4^A B D EL C 

.-. u4-& is greater than AD. ^°' 42. 




7. From any one of the angular points of the A ABC, as A, draw 
.4D to meet BC in D. A 

Then z ^DO is greater than z ^£2), and 
z .4DJ5 is greater than z -40I> ; 

.*. sum of 18 ADC, ADB is greater than 
sum of zs ABD, ACD ; g- 

.*. sum of zs ABD, ACDia less than two rt. zs, p^Q 43 

that is, sum of zs ABC, ACB ia less than two rt. zs. 




8. Since AB=AD, and AE is common, and 
iBAE = aDAE; 

.'. z ABE = z ^i)i^. 
But z ADE is greater than z ACB ; 
.*. z -4J5-&is greater than z -40i?, 
that is, z -4J50 is greater than z -405. 
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9. Let AD be the bisector of z BAC, 
Then, as in Ex. % we can show that AB 

is greater than BD^ and that ^0 is greater 

than CD; 

.'. AB^ AC together are greater than BC, 




Fkj. 40. 



10. Let AB be the given side. 
At A make i CAB = one of the given zs. 
At B make i i)5-4=the other given l ; 
AC and BD being drawn so as to lie on the 
same side oi AB. 
Then AC, BD will, if produced, meet in some 
S pt. E, (Post. 6.) 

.'. -45^ will be the required A . 




11. Let D be any pt. in AE, the bisector of 
ABAC 

Draw DP, DQ ± to AB, AC. 

Then *.• z 7>^P= z i)u4ft and z DP^ = z 1>C^, 
and AD ia common to the A s ADP, ADQ, 

.'. DP^DQ. 



Page 49. 

1. Through E, a point equidistant from the parallel lines AB, CD, 
draw FEG± to ^P and CD. Then P^= C/P. 
Draw HEK meeting AB in ^ and CD in ^. 

g Draw LEM meeting CB in L and -4P 
in M. 




Then '.• z PiC? = z PMP, 
L G K D and z P(?P = z MFE, and FE=GE, 

Fio.48. .'.FM^LG. 

And '.• z PJTP = z PP:G, and z PPff = z PGj^, and PP= OP, 

.\HF=GK. 

.\ sum of PM, B'P=sum of LG, GK. 

.'. HM=LK. 
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2. Let ADy the bisector of z BAC^ meet BC in D. 
Draw DE parallel to -4fi, meeting -40 in j&, and DJ?* parallel to 
ACy meeting -45 in i'^. 

Then / z ADE = z DAF, A 

and Zu4i)2^= z i)u4-&, 

.-. z ^D^ = z ^7)2^. 

Then '.• z ^D^ = z ^i)^, 
and z DAE= z D-4i^, and -4I> is common, g q 




3. Let -^-P, joining the parallel lines AB, CD, be bisected in 

and through draw MON to meet -45 in a ^ 

M, and CD in iVT. 

Then •/ z MEO = z -Z^2^0, 
and z J^MO = z 0-ZO*, and OE^OF; C T 

•. MO^NO, Pio. 60. 




N 



Page so. 

Exercise 1. Let -4B, -40 be parallel to DE^ DF respectively, 
and place them so that AC cuts DE in 0. ad 

Then •/ ^45 is || to DE, - 

.'. zJB-40= lAOD; 
and •/ JO is II to DF, 
.-. iAOD = iEDF; -/ / ^^ F 

.-. lBAQ^lEDF. P,q.51. 




Ex. 2. Let u45 be ± to OD. 
Join AD and draw jD-& ± to -4i). 
Produce OD to F. 
Then shall z 54D= z EDF, 
Draw DGl ± to Oi^. Then DO is || to J5. 
Then lGDE with z EDF=a, right z, 
and z GDE with z JDO=a right z ; 
/. z -fi7D-P= z JDO 
/. z ^Di?'= z 5JD. 
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Page 51. 

Ex. 1. Let A be the given pt., BC the given st. line, ^the given i. 

f A D Through A draw FD to 

^ BCiSiiAin&keiFAG^ lE, 
and let AG meet BC in G, 
Then z AGC = z i^'^C? = z j&. 



/! 



B 



Fio. 53. 



Ex. 2. Let BEy FG be the two || st. lines, and MN the given line. 
Li FG take OF—MN, and with centre and distance OP 

A descr. a © cutting DE in R, Join 

OiS, and draw through A a st. 

line ABC\\ to OiJ, meeting DE 

(^ , , isi in P and P(t in (7, and join 0J5. 

cop ~G Then •.' i BCD = i DBG, and 

Fio. 54. ^ ^^Cf= z J5120 ; 

z JBCO = z -BiJO, and z OBO = z BOB, and OJB is common ; 

.-. BC=RO=MN. 




Page 52. 

ExEBCiSB 1. Since any one of the angles is less than a right angle, 
the sum of the other two must be greater than a right angle, and 
therefore the sum of any two is greater than the third. 



Ex. 2. Let ABC be an isosceles A, having 
AB=Aa 
E Produce BA to D, and draw AE bisecting 
A CAD. 
Then z 6*lD=sum of z s ABC, ACB, 
= twice A ACB ; 
.-. lEAC=^lACB, 

and .'. AE is parallel to BC. 



Ex. 3. Sumof zs ABD, ACD, 

=sum of zs ABD, A ED, CAM, 
=sum of zs ABD, AED, BAE, 
=sum of zs AED, AED 
=twice z AED. 




Pia. 65. 
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Ex. 4. Let ABC be an isosceles b. , having AB^AC. 
Produce BQ to D, and let OB, OC^ the A 

bisectors of the equal is, meet in O. 

Then l COB with zs OBCy OCB= two rt. zs ; 

/. A COB vnthi ACB= two Tt, IS. 

But z uiCD with z u40£=two rt. zs ; 

/. z C05= z .402). 

Ex. 6. Let ABC be a A . Produce BA to D, 
and let AE, the bisector of z CADy be || to -BO. 
Then •.• z jD-4-&= interior z ABC, 

and z j^^O=altemate z ACB, 
.-. aABC=lACB, 
and .-. ^5=^0. 




Fio. 58. 



Page 54- 

ExERasE 1. Let A BCD be any 
quadrilateral, and produce AB to E, 
BC to F, CD to 0, DA to JI. 

Then, by Cor. il, sum of exterior 
zs=fourrt. zs, 

and, by Cor. i., sum of interior zs 
=four rt. zs. G 

.'. sum of exterior zs a sum of in- 
terior zs. 



H 



B 



F 
Fio. 59. 




Ex. 2. Sum of the six angles with four rt. zs= twelve rt zs, 
.*. sum of the six angles = eight rt. zs. 

Ex. 3. Sum of the five equal angles with four rt. zs^ten rt. zs, 
.*. sum of the five equal zs=six rt. zs, 
.*. each angle =f of a rt. z. 

Ex. 4. Sum of intr. zs with four rt. zss twice as many rt. zs as 
the figure has sides. 
But sum of intr. zs in the figure = eight rt. zs ; 
.'. twelve rt. zs= twice as many rt zs as tkie ^gox^Ywaa ^^'^^k. % 

.'. the figure has six sides. 
B 
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Ex. 5. Let n represent the number of sides. 
Then ^ x?i + 4 = 2h, or, 7?i + 16 = 87i; 

.*. 71=16. 



Page S6. 

1. Let ABC be a A , and produce BA^ BC, and let OA, OC, 

the bisectors of the exterior zs, meet 
inO. Draw ODyOE, OF ±8 to BAjBC, 
Q CA, or to these produced. 

Then '.• z DAO = z FAO, and 

z ADO = z AFOy and -40 is common; 

.-. OD = OF; 

and '.• z 00^ = z OOF, and 

1 z 0-E?0 = z Oi^O, and OC is common; 




2. Let ^.^C be a right angle. 

On AG describe the equilat. A ADC, on the side 
of AC on which -45 stands, and bisect z D.40 
^ by the st line -4-&. 

Then •.• lDAC^I o^ ^^^o rt. zs, 
.-. z-E?^C=Jofart.z, 
Q .-. z ^-4i>=J of art. z, 

Fig. 61. and .*. z DAB=^ of a rt. z. 




3. Draw 50, 00 the bisectors of zs ABC, ACB meeting in 0. 
Draw OA OE, OF ± to AB, BC, CA, and join AO. 

Then we have to show that OA bisects 
iBAC. 
-^ Now •.• z OBE = z OBD, 

(f> \ and z OEB = z 0D5, and OB is common, 

.-. OD=OE; 
and •.• z OOi?' = z 00^, and 
z OFO = z 0-^0, and 00 is common, 
.-. OF^OE, and .*. OF=OD. 




KE V TO ELEMENTAR Y GEOMETRY, 19 

Then '.• OF=OD, and AO ia common, and la OF A, ODA are 
rt. zs, 

.-. z OAD = z OAF. (See Cor. to Prop. E, page 43). 

4. Let OD, OFy bisecting AB, BC at rt. zs meet in 0. 

Join AO, BO, GO, and draw 02^ to J* the middle point of AC, 
We have then to show that OF is ± to -4(7. A 

Now •.• BE=GE, and OE is common, 
and z OEB = z 0-KC, 

.-. 0^=0C, 
and '.• BD=AD, and OD is common, and / ^^-^oi 
L ODB = z OjD^, B X 

.-. 0^ = 0-4, and .\ 0A = OC. Fio. ©3. 

Then •.• OA = 00, and OF is common, and FA^FC, 
.'. z Oi?'^ = z OFC, and .'. 0-P is ± to ^0. 

5. In A ABC draw ^D ± to ^0, and AE bisecting z JB^O. 
Then sum of zs ABC, BAE = z ^-KO, 

= sum of zs DAE, ABE, 

=sum of zs DAE, ADB, 

=sum of zs DAE, DAC, ACB, 

= sum of zs DAE, DAE, EAC, ACB. 5' 
NowzjB^^ = z-K^O, 
.-. z ^jBO= twice z i)-4J^ with z ACB ; 

.*. difference between z -4jB0 and z ^OJB= twice z D-4^. 





6. V z BDA = z ^jD^, 
and z ^.4i) = z ^.41), and AD is common, 

.-. BD=ED. 




V. Let ^jBO be a rt. -angled A, having z BAC a rt. z. 
Make z .B^D = z ^50 ; a 

then z D^O == z ^O.B. 
Then '.• z ^.4D = z ^5D, /. AD=DB ; 
mdviDAC^ iACD,.\AD^DC. b d 

.'. ABD and -40D are isosceles triangles. pj^ ^^ 




20 KEY TO ELEMENTARY GEOMETRY, 



8. Produce BA^ DC to meet in F, 

Draw EM \\ to CD, meeting FB in M, 

InMBmakeMG^MF. 

Join C?^ and produce it to meet FD in H, 

Draw JtfJV^ || to QH, and join MZf. 
Then V A GME= iMFJS, 
and z 3fC?.& = z i^^MiVr, and MG=FM, 
C N H D ,\MN^GE, 

Fio. 67. And ••• z -KitfH = L MRN, 

and z EHM a z NMH, and Jf fi" is common, 

and.-. -&fi'=C?j&. 





t). Let B be the middle pt. of PQ. 
(1.) If OB^PB, then z jBOP = z OPJB, 

and OB=QB, and z POQ = z OQB ; 

.'. z POQ = sum of zs OP^, O^P ; 

.'. z P0(2 is a rt. angle. 

(2.) If OB is greater than PB, then z POP is less than z OPP, and 
OP is greater than QB, and z BOQ is less than z OQB ; 

.-. z POQ is less than the sum of z s OPQ, OQP ; 
.'. z POQ is an acute angle. 

(3.) If OP is less than PB, then z POP is greater than z OPP, and 
OP is less than QB, and z POQ is greater than z OQP ; 

/. z POQ is greater than the sum of zs OPQ, OQP ; 
.'. z POQ is an obtuse angle. 



^ 




lia. (W. 



10. Let JP be the given st. line. 

Describe on ^P an equilateral triangle ACB^ and 
produce AC to Z>, making CD=AC, 

Join DB, this line shall be x to AB, 

For PC, the line bisecting AD, is equal to the 
half of ^D; 

.*. ABD b a rt. angle, by Ex. 9. 



KE V TO ELEMENTAR Y GEOMETR K 21 



Page 59. 

1. Let ABCD be a square, and BD a diagonal. 

Then •/ AB=AD, .*. z ABD = z ABB, and since 
sum of zs ABB, ABB, BAB — two rt. zs, and 
z BAB is a rt. z, q 

.*. each of the zs ABB, ABB is half a rt. z. 




Fio. 70. 



2. Let AB, CB bisect each other in 0. 
Join AB, BB, BC, CA. 

Then •.• AO^BO, and CO^BO, 
and z^OC= z ^OD, 
.-. z OAC = z OjBA 
.-. ^Cis||to jBD. 
In the same way it may be shown that BC is || to AB, 

.-. ABBC is a O. 




Pio. 71. 



3. Let ABCB be a O, and let -40, BO, the 
bisectors of zs jB-42>, CBA meet in 0. 

Then '.* sum of zs BAB, CBA — two rt. zs, 
.*. sum of zs OAB, OBA=& rt. z, 

.-. z ^02> is a rt z. D 

4 Let ABCB be a O, and let -4(7 bisect each 
oHhe La BAB, BCB, 

Then V L BAG =^ I CAB, 
and z jB^Cf = z ^OD, 
.-. z C^2> = z ^OD, and .*. AB=CB. 
Therefore all the sides of the O are equal. 




Fio. 72. 




Fio. 73. 



5. Let ABCB be a quadrilateral, having z ABC = z ^DC, 
and z BAB = z DCB. 

Then since the four angles together = four A^ B 

rt. zs, 

.'. sum of zs BAB, ABC =two rt. zs. 

and sum of /.s ABC, BAB = two rt. z s, 
.-. AB is II to CD, md AD is || to BC. ^;^C 
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6. Let ABCD be a quadrilateral, and let AB=-CD, and AD=BC, 

A ^ B Join -4 C. 

Then / AB= CD, and BC=AD, 

and AC is common, 

.\ L BCA = z D^O, and z 5.40 = z ACD ; 




FiQ. 75. 



/. AD is II to BC, and -45 is || to CD. 



7. Let ABCD be a rhombus, and let z JB^D be two-thirds of two 
rt angles. 
Then z jBCD= two-thirds of two rt. angles. Join AC, 

A B Then *.• BA =DA, and -40 is common, 

and 50= DC, 
.-. z BAC = z DAC, and z -4 OB = i ACD. 
Hence z 5-40= one-third of two rt. angles, 
and z -4 05= one-third of two rt. angles, 
C .•. z -4 50= one-third of two rt. angles, 

and A -450 is equilateral. 




Fio. 76. 



Similarly it may be shoiivn that a -4D0 is equilateral. 



Pftge 6a 




^ Exercise 1. Let the diagonals of the ZZZ 
ABCD meet in 0. 

Then •.' z ABO = z CDO, 

and z 5^0 = z DOO, and A5= OD, 

.-. AO=CO, and BO=DO. 




Ex. 2. Let ABOD ba a rectangle. 
Then in the as ABC, DCB, 

'.• AB=DC, and BC is common, 

and z -450 = z i)05, 

.-. AC=BD, 
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Page 63. 

Exercise 1. Draw PQ || to AD and BG, 
Then '.• AFQ}} is a O', ,\t^FAD = aPQD ; 
and •/ FBCQ is aO, .\lTBG = aPQO; 
/. sum of AS TADy BBC = a PDC. 




Ex. 2. lACD = A POD, because they are 
on the same base CD, and between the same 
parallels. 

Take from each a CED. 

Then A AEG = A BED. 



Fio.78. 




Fio. 80. 
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Exercise 1. Let AD bisect BG in D. 

Then A ABD = a ADG, because they are on equal 
bases and between the same parallels, a line through 
A being assumed parallel to BG. 




Ex. 2. In GA make GF=BD or AE. 
Join PP, DP. 

Then *.• DB=FGy and POis conunon, 
and z DPO = z POP, 
.-. A DBG = A FGB, 
Now A POP = A ABE, (I. S8.^ 

,'. aI?BO=aABE. 




Y\o.%^ 
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KnabTWit 1. Join CB^ and let it meet EP in O. 
Tlmi since A P£B = A^LBC, take fran cmdi A^J^C; 

.\aJKPC=a^jBJ?. 

A O Als(sanceA^LBI> = A^Ci). 

(I. 37.) 
take 6om c/AaAED ; 

.•.AlfPO= aJSTDC. 
^p T^ikefinomeachAJ^OO; 

.\aOCP = A^OD. 
AddtoeachADOP; 

.\aPCD = APia;. 
.\^Ci$ to PI). 





Ex. S. Let the diagfmah of the qnadrilateTal 
ABCD intersect Iq O, and let A^OB = aDOC. 
Add to eacli A B(Xl 
Thai A.U^^ = aBDC, 

and .\ ^Z> is I to BC. 



FI0.8L 



Pi^:e66i 




E^^g^^^'^g^ 1. Let D and B be the middle ptsL of 



AB^AC JoinDJE. 

ThenACDl? » aADE^ 

wtAABDB^AADB; 

.\aCDE^aBDK 

.\ Dl? is i to Bi\ 



(1.38.) 

(I. 3a) 

(I, 39.) 
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Ex. 2. Let D,E,Fhe the middle pts. of AB, BC, CA. 
Join DE, EF, FD. 

Then D2^ is 1| to BC, 

and FE is || to AB, 

.'. DBEF h A CJ ; 

.\lDFE = lDBE, 

^oyri^ADF = lBDE, v FE is || to ^^ ; 

md£^FEC = lDBE, v DJ'is || to BC; 

.'. the four triangles are equal 
Also note that D2^=5J^=the half of BC, 



Page 67. 

Exercise 1. Let ABCD be the O, the pt. without. 
Join OAy OB, OC, OD. Through draw 
EOF II to AB, meeting DA, CB produced in 
^andi?*. 

Then A ODC = half of HJ EDGE, 
md A OAB = h&if of nj EABF, 
.*. difference between A ODC and A OAB = p^^ g^ 

half of O -450i). 

Ex 2. T?ake 0, any pt. within the O ABCD, and join 0-4, OB, 

OG, OD. A E B 

Through draw EOF \\ to ^D. 

ThenA^OD = halfofZI7^Z>i^J^, / 5) 

and A 050 = half of O JS7-B02^, ^ 

.-. sum of AS AOD, OBC = half of O ^502>. D F 

Similarly, sum of as AOB, COD = half Fio. 88. 

of O ABCD. 

Page 68. 

Exercise 1. Let ABCD be the given O, Jf the given z. 

Produce -45 to E making JB^ = AB, D c 

Make z FAE = i M, and let AF meet 
DO or DO produced in F, and join FE, BF. 

Then A ^ F^ is double of A ABF, p^ ^ 

and O ABCD is double of A -45^ ; fig. 89. 

,-. A AFE^CJABCD, and has an z ^^^ = i M. 






26 KEY TO ELEMENTARY GEOMETRY. 




Ex. 2. Let ABC be the given a. 

Draw -4D II to BG^ bisect BC in 0, and with centre and distance 

equal to half the sum of BA, AC, describe 
a circle cutting AD ia E, and join OE, 
and through C draw CF \\ to OE, meeting 
^Dini^. 

Then EOCF is a O, the sum of whose 
sides is equal to the sum of the sides 
ofA^-BC, 
for sum of OE, CF = sum of AB, AC, 
and sum of 00, EF==BC. 
Also O EOCF = lABC, since 00=ijBO. 

Ex. 3. Let ABC be an isosceles A . Draw AO i. io BC, then AG 
A Q bisects BC, Complete the rectangle AOCD, 

Now AC is greater than AO, \' L AOC is a 
rt. z ; and .*. AB is greater than CD, 
Also, AD, OC together = BC. 
,'. sum of AB, BC, CA is greater than sum of 
AO, OC, CD, DA. 




Page 69. 

» 

Exercise 1. If be not in ^0, let it lie on the side of .^0 nearest 
to B, and let the line drawn through || to BC cut -40 in P. 

Through P draw another line || to CD. 
-C Then CJ BP^EJ PD; (L 43.) 

.'. O OB is less than £7 OD, which is contrary 
to the hypothesis. 

Similarly it may be shown that does not 
lie on the side of -40 nearest to D, and .*. O 
will be in AC. 




Fio. 92. 




Fio. 92a. 



N Ex. 2. Complete the O O^PJV: 

Draw through M a line || to DN, meeting 

R ^D in P, and PJV in i2. 

Then CJ DM^EJ MF. (I. 43.) 

Now CJ DM=^ twice A MDC ; (L 34.) 
and O 3fP =twice A MBN ; (L 41.) 
.-. £,MBN==aMDC. 
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Miscellaneous Exercises. 

1. Let AC, & diagonal of the quadrilateral A 
ABCD, bisect the other diagonal, BD, in 0. 

Then .' BO=DO, .\ lAOB^i^AOD) \ ^§ 

and ••• BO=^DO, .'. A COB = A COD ; 
.-. sum of AS AOB, CO£=sura of as AOD, COD ; 

.\ hABC^LADC. D 



2. Let the diagonals of the CJ A BCD meet in M. 
Take any pt. in DB, or in DB produced, a 

and join OA, OC. 

Then •/ M4=3fa (Ex. 1, p. 60.) / ^ 

.-. £^MAB=lMCB, 
mdt^MAO^AMCO; 
.'. aAOB=^aCOB. 

3. Let ABDC be a trapezium, having AB \\ to CD. 
Let Jf, ^ be the middle pts. of AB, CD, and 

join MN, AN, BN. 

Then •/ AM==BM, .'. lAMN= aBMN; 
and •.• CN=DN, .'. t^ANC= t^BND ; 
.'. sum of AS AMN, ANC=^s^m of as BMN, 
BND. 

.\ fig. ACNM=^. BDNM. 

4. Sum of as CPD, 5PC=fig. DP^O 

=sum of as CDB, BPD. 
Now A CDB=i O ^£0A A, 

= A ABC, 

=sum of as APB, BBC, AFC; 
.'. sum of AS CFD, ^P0= sum of as APB, 
BPC, APC, BPD ; P^ 

.-. A 0P2>= sum of as APB, APC, BPD ; Fio. 96. 

/. difference of as CPD, A PB= sum of as APC, BPD. 





C 
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5. Let ABQD be a O, and let AC^AB, 

Now since each of the equal angles in an isosceles 

A must be less than a rt. z , (I. 17.) 

.*. L ABC is less than a rt. z ; 

.*. I BAD is greater than a rt. z. (I. 29.) 

^B .-. BD is greater than AD or AB. (I. 19, Ex. 1.) 




Fig. 97. 



.'. BD is greater than any side of the figure. 




6. Let ABCD be a O. 

Draw EF, FG, QH, HE through A, B, C, 2) || to the diagonals 
of O'^^OD. 
Then '.• EF and Ha are both 1| to ^D ; 

,\EF\&\\toHG. 
Similarly 2^(3^ is II to JS7JT ; 

. .\ EFGH \a fi CJ. 
Let be the intersection of -4(7 and BD, 
Then O ^OJB^= twice £^AOB, 
O BOCG =twice A-BOO, 
nj CHDO^-tmcQLDOG, 
O D0^JS7= twice A DO A ; 
.-. O EFGH=twice CJ ABCD. 

7. Let ^-BC, DJ^^ be two as having AB=DE, AC=DF, and 
I BAG the supplement of z ^D^. 

Complete the O ABCG, and join -40^. 

Then z 5-40 is the supplement of 
lABG. 

.-. z ABG = z J'DE, and AB=DE, 
B,ndBG=^FD; 
,\ A ABG ^ A EDF, 
But A ABC =^ A ABG; 

.\ A ABC =^ A DEF. 

8. Let ABC be the given A , and P the given pt. in A C. 

Bisect BC in D, join AD, PD, and draw 

AE II to PD. 
Join PE, cutting AD in 0. 
Then shall P-E? bisect the A ABC. 

Fig. 100. take from each A POD ; then A -4 OP = A EOD. 
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Also, •/ BD = CD, .', A ABD = lACJ), of which the pttrte AOP, 
EOD are equal, and /. fig. ABEO = fig. VODC ; 

.-. sum of ABEO and A ^OP=sum of PODC and A EOD ; 

.-. fig. ^lJi^P = A P-KC. 



9. Since A AEG = A ^IJ^? 

==aEBD; 
.-. lABC^CiADE. 



(I. 38.) 




10. Take the diagram of I. 43, and join EG, HK: ^^ 
these lines shall be {|. 
Join HE, KG. ^^ 

Then '.• AF-^FC, .\lHEF= lKFG ; add to 
eachAHZP. 

ThmLHEK^ t^BGK; B K C 

and /. -E^C? is II to HK. ^o- 102. 






A 




C 







F 

Fio. 108. 





Pag:c 73. 

Exercise 1. Let AB, CD be the two G 
given lines. /^ g 

Draw EF=CD, and from E draw 
EG=AB and ± to -&P. Complete 
the rectangle EFHG^ which will be 
described as required. 

Ex. 2. Let ABCD, EFGH be squares on equal st. lines AB, EF, 
Apply EFGH to ^BOD, so that E 
lies on -4 and EF on ^P, then '.• EF C 

=^P, 

P will coincide with P. 
And since z D^P = z HEF, EH 
will fall on AD, and since EH=AD, ^ 
H will coincide with D. Similarly it 
may be shown that G will coincide with C. 

.\ EF(rH coincides with and is .\ ec\vi«\lo ABCX>. 




30 



KE V TO ELEMENTAR Y GEOMETRY. 



Ex. 3. Let ABCDy EFGH be equal squares (diagram of Ex. 2). 

Apply EFGR to ABCD, so that E coincides with A, and EF falls 
on AB and EH on AD ; then must F coincide with B, For if F 
falls between A and jB, then H" ^lls between A and D, and G will 
fall inside ABCD, and j&i?^(?^ will be enclosed by ABCD, which 
is impossible. And if F falls on AB produced, then G will fall 
outside ABCD, and ABCD will be enclosed by EFGH, which is 
impossible. 

.-. i?* will coincide with B, and .'. EF=.AB. 




Fio. 105. 



Page 75. 

^ Exercise 1. Let ABCD be the given square, AG 
a diagonal 
Then -4jB0 is a right-angled A , 

and sq. on -4 (7= sum of sqq. on AB, BC, 
= twice sq. on AB, 
=twice the given square. 



Ex. 2. Let A,B,C\)Q three given lines. 

H Take EF=A, and from J' draw 

FG=B, and ± to EF. 
6 Join j&G^. Then sq. on ^G^=sum 
of sqq. on ^, jB. 

£. p. From G draw GH=C, andx to ^(?. 

Pig. 106. Join EH. 

Then sq. on EH=a\im of sqq. on EG, GH 

= sum of sqq. on A, B, C. 



B 




Ex. 3. Let ABC be a triangle, having z -40jB equal to the sum 
of the other two angles. 

Then z ^CB is a rt. z. (L 32.) 

Also since the sum of the squares of 4 and 3 is 
16 + 9, or 25, and since the square of 6 is 25, -4^ 
must contain fiver parts each equal to one of the 
equal parts into which BC and CA are divisible. 
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Ex. 4. Sum of sqq. on AC, ^(7=sq. on AB, 
=sq. on DE, 

= sum of sqq. on DF, EF, 
But sq. on J[0=sq. on DF ; 

.'. sq. on JBC=sq. on EF ; 
.*. £C=EFj and .*. the triangles are B 
equal in all respects. 




Fio. 108. 




A D B 

Fjo. 109. 



Ex. 5. Let AB be the given st. line. Draw ^0 ± to AB, and 
make^O=^-B. Join CB, Bisect iBC A by CD meeting AB in 
J), and draw DE± to BC. q 

Then '.• z ACD = z JSTOD, and z O^D - z CED, 
and CD is common, 

.-. AD^DE. 
Also, since z -K^D=half a rt. z = z EDB, 

.-. EB^DE. 
Then sq. on D£=sum of sqq. on DE, BE, 

= twice sq. on DE, 
= twice sq. on DA. 

Ex. 6. Let ABC be a right-angled A , having ^ 
z ABC a rt. z. 
Draw -4D to meet BC in D, 
Then sum of sqq. on BC, AD 

=sum of sqq. on BC, AB, BD, 

=sum of sqq. on AC, BD, 




Ex. 7. Let ABC be any triangle, and let AD be drawn at rt. 
angles to BC. A 

Then *.• sq. on -4C=8um of sqq. on C2>, AD, 
and sq. on AB—sxua of sqq. on BD, AD ; 
difference between sqq. on AC, AB 

= difference between sqq. on CD, BD. B 




END OP BOOK I. 
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BOOK II. 



Page 78. 

Exercise. Let AB be divided into any number of parts in 
E^ F^ G; and let AC be divided into any number of parts in 
H,K. 
A E F Q B Place -40 to make a rt. z with AB, 

Through E, F^ G, B draw lines || to AC, 
Through fl, K, C draw lines || to AB. 
Then the proof is the same as that in 
Fio. 112. ° Prop. I. 



H 
K 

C 



Page 79. 



G 
Fjo. 113. 



B 



H 



On AB describe a square ABCD, 

Bisect AB, AD in the pts. E and F, 

Draw EG \\ to AD, and FH \\ to AB. 

Then the square ABCD is divided into four 

squares, each of which is equal to the square on 

AE. 

.*. sq. on ^jB=four times sq. on AE. 



Page 8z. 

Exercise. Let ABC be the A , BAC the rt i. 
Draw -41) ± to BC. 

Then sq. on BD with sq. on CD with twice rect. 
jBD, DO=sq. on BC (IL 4.) 

=sq. on BA with sq. on CA, 
=8um of sqq. on BD, DA, DA, CD ; 
.'. twice rect. BD, DC= twice sq. on DA ; 
.'. rect. BD, DC=Bq. on DA. 
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II 



Page 84. 

Exercise. In Prop. V. AD is the sum of -^C, CB^ 

DB is the difference of AL\ CD ; 
.*. rect. AD^ i>lJ= difference of sqq. on AC, CD, 
or, rect. AD, DB with sq. on OD—sq. on AC, 

In Prop. VI. AD is the sum of CD, AC; 

.-. AD is the sum of CD, CB, 

DB is the difference of CD, CB ; 

.'. rect. AD, Df^s difference of sqq. on CD, CB ; 

or, rect. AD, DB with sq. on CjB=sq. on CD. 



Page 85. 

Exercise. Since z CGB—heiM a rt. z, 
and I CGH=^SL rt. z, 
and z HC?D = half art. z, 

.\ sum of zs CQB, CGH, HOD=two rt. zs; 
.', BGD is a st. line. 



H 



D 



G 


: B 


y 





Fio. 115. 
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Exercise. By II. 7 

sq. on AB with sq. on i^i2"= twice rect. AB, BH with sq. on AH, 

= twice sq. on AH with sq. on AH, 
= three times sq. on AH, 



Page 90. 

Exercise. Let ABCD be a trapezium, having AB\\ to CD, 

Draw AE, BF ± to CD, or CD produced. 

Then sq. on J.O=sq. on AD with a 
sq. on CD, with twice rect. CD, DE ; 
and sq. on £D=sq. on BC with sq. on 
CD, with twice rect. CD, CF, 

.*. sqq. on AC, BD =aqq, on AD, 
jBCwith twice sq. on CD with twice 
rect. CD, DE, with twice rect, CD, CF. 

C 




Yro.Wft. 
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Again, rect. AB, CD = rect Ei\ CD=rect. CD, DE, with rect 
an, CD with rect. CD, CF. (H. 1.) 

.-. twice rect. AB, CD = twice rect. CD, DE with twice sq. on CD 
with twice rect. CD, CF ; 

.*. sqq. on AC, IfD = sqq. on AD, BC with twice rect. AB, CD. 

Note. — The angles at Cand D have been drawn as obttLse angles. K 
either or both be acute angles, the proof is similar, but it will depend 
on Prop. XIII. with, or instead of, Prop. XII. 



Page 91. 

Exercise. Let ABC be any a, AE the ± from A on BC, AD the 
A line drawn from A to bisect BCin D. 

Then sq. on -4^= sqq. on BD, AD dimi- 
nished by twice rect. BD, DE ; and sq. on 
-40= sqq. on CD, AD increased by twice 
rect. CD, DE ; 

.'., observing that BD= CD, 




E D 
Fio. 117. 

sum of sqq. on AB, J. (7= twice sum of sqq. on BD, AD. 



N.B. — This theorem is of great importance, and it will be frequently 
referred to. 



Pag:® 93- 



Miscellaneous Exercises on Book II. 



1. Let z BAC be a rt. z, and let AD be ± to BC. 
Then, since z ABC is an acute z, sq. on AC with twice rect. 

BC, jBD=sqq. on AB, BC (II. 13.) 

= sqq. on AB, AB, AC; 
.'. twice rect. BC, BD — twice sq. on AB ; 
.'. rect. BC, BD=sq. on AB. 
C Similarly it may be shown that rect. BC, CD 
=sq. on AC, 
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2. Let ABGI) be a O, and draw AE, BF i. to DC or DC pro- 
duced. Then DE= CF. A. B 

Now sq. on AC — sqq. on AD, DC 
diminished by twice rect. (7D, DE, and sq. 
on jRD=sqq. on BCy DC increased by twice 
rect. CD, CF ; , 

.*., observing that AB—DC, 




E C 

Fig. 119. 



sum of sqq. on AC, BD= sum of sqq. on AB, BC, CD, DA. 



3. Let ABCD be a rectangle, and let the diagonals intersect in P. 
Then they bisect each other, and -4P, BP, CP, DP are all equal 

(I. 34, Ex. 1 and 2.) 

Join OP. Then, as is proved in the Ex. to /\ q 

II. 13, sum of sqq. on AO, 0(7= twice sum of 
sqq. on AP, OP ; and sum of sqq. on OB, OD 
= twice sum of sqq. on DP, OP 
.-., since AP=DP, 

sum of sqq. on AO, 00= sum of sqq. on p 
OB, OD, Fio- 120. 




4. In the O ABCD, let BD=DC-^AB, 

Now sum of sqq. on A C, DB 
=sum of sqq. on AB, BC, CD, DA (Ex. 2.) 
= sum of sqq. on DB, BC, DB, BC ; 
.', sq. on -40=sq. on DB with twice sq. on BC; 

.'. sq. on DB is less than sq. on AC by 
twice sq. on BC, 




Fio. 121. 



5. Let D be the side of the given square. 
Draw BE=D at rt. zs to AB, 
With centre A and distance AE describe 
a , and let AB produced meet the Oce in 0. 
Then rect. contained by the sum and dif- 
ference oiAJB, AC, 

= difference of sqq. on AC, AB, (II. B.) 
= difference of sqq. on AE, AB, 
=sq. on BE^eq, on D, 




Fio. 122. 
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6. Let ABCD be a quadrilateral, and let 0, F be the middle pts. 
of its diagonals. Join OP^ BP, DP, 

Then by Ex. to 11. 13, 
sum of sqq. on AB, BC = twice sum of sqq. 

on BP, CP ; 
and sum of sqq. on CD, DA = twice sum of 
sqq. on DP, CP ; 
.'. sum of sqq. on the four sides = twice sum 
of sqq. on BP, DP with four times sq. on CP, 
But sum of sqq. on BP, DP = twice sum of 
sqq. on BO, OP ; (II. 13, Ex.) 

. . sum of sqq. on the four sides = four times sum of sqq. on BO, 
OP, CP. 
Also, sq. on AC = four times sq. on CP ; (II. 2, Ex.) 

and sq. on BD = four times sq. on BO ; (II. 2, Ex.) 

.*. sum of sqq. on the four sides = sum of sqq. on diagonals with 
four times sq. on OP. 




Fig. 123. 




7. Let ABC be a a , and AD the ± from A 
on BC, and let sq. on -4D=rect. BD, DC, 

Then sq. on BC=sixm of sqq. on BD, DC 
with twice rect. BD, DC, 

=sum of sqq. on BD, DC, DA, DA, 

= sum of sqq. on BA, AC; 

.'. z BAC is a rt. angle. (I. 48.) 




Fig. 125. 



8. Let AB, -40 be the given lines. Place 
them so as to be at right angles to each other. 
Join BC 

Draw CD ± to BC, meeting BA produced 
inD. 

Then, by Ex. to XL 4, 

rect. BA, AD=sq, on AC, 



9. Divide AB in any points C, D, 

On AB describe the sq. ABEF, 

In AF take AG^AC, and QH=CD, then HF=BD. 
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Divide AE into nine rectangles by drawing lines from C, /> || to 

J.F, and lines from G^, H || to AB, A C D B 

Then 1, 2, 3 are the squares on A C, CD^ DB^ 
4, 5 are the rect. ACy CD, 
6, 7 are the rect. AC, DB, 
8, 9 are the rect. CD, DB ; 
.'. sq. on -4^= sum of sqq. on AC, CD, DB 
with twice the rectangle contained by the parts, 
taken two and two. ^ ^«- 126. 



H 



/ 


5 


7 


4 


2 


9 


6 


8 


3 




10. Let ABCD be a quadrilateral, and E, F, Q, H the middle 
points of its sides. A E B 

Then *.• EF joins the middle pts. of ~ 

AB, CB, 
.-. EF is II to AC, and ^C^twice EF. 

(I. 40, Ex. 1.) 
Similarly, HO is || to AC, and EH, FG 
are || to BD, and .'. EFQH is a O. 

Now sq. on -40= four times sq. on EF, ^ 

(II. 2, Ex.) P'o 127. 

.*. sum of sqq. on AC, BD= four times sum of sqq. on EF, FG, 

= twice sum of sqq. on EF, FG, GH, HE, 
= twice sum of sqq. on EG, FH. 

(By Ex. 2.) 

11. Let ABC he& A,D,E,F the middle points of BC, CA, AB. 
Then sum of sqq. on AB, -40= twice sum of sqq. on AD, BD, 

sum of sqq. on AC, OB = twice sum of sqq. on CF, BF, 
sum of sqq. on CB, .4JB= twice sum of sqq. on BE, AE ; 

.'. twice sum of sqq. on AB, AC, 0£= twice A 

sum of sqq. on AD, CF, BE with twice sum of 
sqq. on BD, BF, AE ; 

.*. four times sum of sqq. on AB, AC, CB 
= four times sum of sqq. on AD, CF, BE with 
four times sum of sqq. on BD, BF, AE ; ° Fio 128. ^ 

.'. four times sum of sqq. on AB, AC, OJ5=four times sum of sqq. 
on AD, CF, BE with sum of sqq. on CB, AB, AC ; 

.'. three times sum of sqq. on AB, AC, CB= ioxiv times siira. qC «.ci^, 
on AD, CF, BE. 
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D 
Fio. 1». 



12. Sum of sqq. on CD, Du4 = 8q. on CA, 

=sq. on ABy 
= sum of sqq. on 
^. AD, DB with twice rect AD, DB ; 

\ .*. sq. on CI>= sq. on DB with twice rect. 
\ AD,DB. 




13. Since CD bisects AE, 

A gum of sqq. on AC, CE^ twice sum of sqq. on CD, DE; 
and since CE bisects BD, 

sum of sqq. on BC, CD = twice sum of sqq. on CE, DE, 
.'. sum of sqq. on AC, BC, CE, CD = twice sum of 

sqq. on CD, CE, DE, DE ; 

B Fio. ISO. ^ - *•, observing that sq. on J £ ^^ sum of sqq. on A C, BC, 
sq. on AB=sxna of sqq. CD, CE, DE with three times sq. on DE. 

Now since DE is one-third of AB, the sq. on DE is one-ninth of 
sq. on AB ; 

.*. two-thirds of sq. on AB ^sam of sqq. on CD, CE, DE. 

14. Let ABC be an isosceles right-angled A, 
hiiTmgBA=AC, andz B^Cthe rt. z. 
Draw ^D J. to BC. 
Then AD bisects z B^C and also BC. 
.\lDAC= lACD, 
and .-. DC^DA. 



B 




D 

Fm. 131. 

/. sq. on ^C=four times sq. on DC= four times sq. on DA. 



15. 



A F 



Let AB be the given st. line, and Af the other line. 

Bisect AB in C, and on AB describe the 
semicircle ADB. 

Draw BE=^M, and J. to AB; and draw 
EG II to BA to meet the semicircle in G ; and 
draw GF II to EB. 
Then rect. AF, FB with sq. on FC 

=sq. on CB (IL 5.) 

= sq. on CG, 

= 8um of sqq. on CF, FG. 
.-. rect. AF, FB =sq. on FG, 

sssq. on Af. 




M 

Fi«;. 132. 
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Lod on pas^ X04. 

(1.) A circle described with the given pt as the centre, and the 
given distance as the radius. 

(2.) A straight line parallel to the given line. 

(3.) A straight line parallel to the given line. 

(4) A straight line bisecting the angle. 

(5.) A circle described with the centre of the g^ven circle as its 
centre, and with a radius equal to the sum of the radius of the given 
circle and a straight line equal to the given distance. 

(6.) Two straight lines bisecting the vertically opposite angles. 



Page 1x6. 

MiMdlanwiM Exercises on Books L and 11, 

1. Let ABy CD intersect at right angles in 0. 
Then •.* AO=OB, and OC is common, and 
AAOC=^BOCy 

.*. AC=CB ; and similarly it may be shown that A 
AC=ADr=DB=^CB, 

Again '.• OA^OC, .\ l OCA = z OAC; 

.*. z O^Cishalf art z. 
Similarly, z OAD is half a rt. z, 

.*. z CAD is a rt. angle ; and .*. ACBD is a square. 




2. Let ABCD be a O, and P a point in AB, 

Bisect BD in F ; join PF, and produce it to meet DC In E, 

Then V /. FPB = I FFD, p^ p g 

and z FBP = z FDE, and FB=FD, 

,\ aPFB = £^EFD. I FJ 

Also A ABD = A BDC 

.-., by subtraction, fig. APFD=^, BFEC ; p e C 

.'., adding the equal as FDE, FBP, ^x^^ \"5a 

Sg, APED^^g, BPEC, 




40 



KEY TO ELEMENTARY GEOMETRY . 



a Produce DO to E, making CE=DE, and join EF. 


F 


Then '.• DC-=-EC, and CF is common, 




\ 


and L FCD = i FCE, 




\ 


.\ FD=^FE. 




\ 


Now L FDE is f of a rt. z, 




\ 


,\iFED\&ioi9LTt,iy 


D C E 


and .*. L DFE is f of a rt. z, 


Pio. is.'i. 


.*. FDE is an equilateral A ; 






.-. 1^D=D^= twice DC. 




4. Let ADf BE, CG the jls on the sides meet in F, which is proved 
on p. 56, Ex. 4. 

Then, since l AFB is an obtuse ly 
sq. on ^£=sum of sqq. on AF, FB with twice 
rect AF, FD. 

Now AF=BF=CF ; and BF= twice FD ; 

(Ex.3.) 
.*. sq. on -4B=sum of sqq. on AF^ AF with 
^ twice half the sq. on AF, 

= three times sq. on AF. 

5. Let ABC be the given A , and BC the side to which each side of 
the rhombus shall be equal. 

Draw ^D ± to BG : bisect AD 
A in J^ : draw EF \\ to BC, and with 

centre B and distance BC describe 
H F a© cutting jK-P in G, 

Join QB and draw CH \\ to QB : 
then GBCH is a rhombus, and area 
of GBCH^tqqL ED, BC=i rect. 
AD, jBO=area of A ^50. 
^0^.— The problem is impossible if BC be less than ED. 

6. Let A be the given point, BC the given 
St. line, D the given angle. 

Take E any point in BC, and at j^ make 

3 Q £ -Q I FEC= L D, Through A draw AG || to FE, 

meeting BC in 0. 

Then l AGC = z FEC = z P, 






G 

Pio, 138. 
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7. Let JL, B be the given pts. ; DE the given line. 
Draw AD ± to DE, and produce AD to 0, making DG^DA. 
Join BC cutting DE in 0. Join AO, and from any other pt. P in 
DE draw ^P, 5P. Then shall ^0, OP be together less than AP, 
PB together. 
For •.* AD=CDf and OD is common, 

and L ADO = i CDO, 
.'. AO=GO ; and similarly AP^CP. 
Also, z ^02) = z COD = z BOP. 
Now sum of ^0, 0P= sum of CO, OH 

= CB; 
and sum of AP, PP= sum of OP, PP, 
which is greater than CB ; 




Fio. 139. 



,\ sum of -XP, PB is greater than sum of AO, OB. 



8. Let OP cut ^P in Af, and let OQ cut OD 

inJV. 

Then a QOD is supplement of l QOB, 
Now the diagonals of a O bisect each other, 
and .-. DO-:^ OB, and MP=i ^P=i DC=DN. 
Hence in as DOiV^, Af OP, 

%• DO=BO, and MB-=DN, and z AfPO = z OD-Y, D 
.-. z M)P = z DOJV'; that is, z POP = z ©OD ; 
.-. z POP is the supplement of z COP,and /. POQ 

is a St. line. 




9. iSTrnce is the middle pt. of PD, and OF 
is II to BK, 

.-. P is the middle pt. of DK 
.\£.BKF = £iFBD; 
.'. APPZ=sum of AS BKF, FEB, 
=sum of AS FBD, FBC, 
= A DBC diminished by A DFG, 
= A ABG diminished by A FBG 

(See Ex. 2 on p. 72.) 




YiqAW. 
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10. Let the alternate sides of the polygon ABODE be produced to 
meet in F, G, H, K, L, 

F Then sumof intr. iaABC,BCD, CDE,DJSA,EAB, 

=sum of z s BFC, FOB, CGD, GDC, DHE, BED, 
c EKA, KAE, ALB, LBA, 

=sum of zs FOB, GDC, BED, KAE, LB A, 

K El /D G together with zs at F, G, H, K, L, 

=four rt. zs together with zs at F, G, H, Ky L. 

(I. 32, Cor. 2.) 





Fio. 143. 



11. Take the diagram of II. 14. 
Then perimeter of rect. BEDC= two BF, 

=fouiBG, 

^fouiGH; 

and perimeter of sq. on jH"J^=four HE ; 

.', since GHia greater than JSE, perimeter 

of rect. BODE is greater than perimeter of sq. 

on HE, 




12. Let ABODE F be an equiangular hexagon. 
Join DA, 
Then z ABC=^ of a rt. z , (P. 55, Ex. 2,) 

C and z BOD=^ of a rt. z , 

and sumof zs^^(7,50D,OD^,Z>^5=fourrt zs; 

(I. 32, Cor. 1.) 
.-. sum of zs ODA, DAB=^ of a rt. z = z ODE; 
,', z EDA = z DAB, and .-. ED is || to AB. 




13. Let AC, BD, equal st. lines, intersect at rt. zs 
inO. 
B Complete the quadrilateral ABOD, 

Then twice area of A-4B0=rect. AC, BO, 
and twice area of A A DO = red, AO, DO ; 
.*. twice area of ABDO ^rect, AC, BD, 

= sq. on AC, 
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14. (1.) Let^0=5Aand^i)-B0. 

Then as ABC^ BDCeire equal in all respects, 
and .-. CD is II to AB. (I. 39.) ^ d 

(2.) Let AC=BC, and AD^BD, 

Produce CD to meet AB in E. 

Then, as in (1.), as ADC, BDC are 
equal in all respects, A 

.-. z DCA = z BCDy and .'. 0^ is± to AB, 




B A 

Fio. 14fl. 




16. Bisect z ABC by B^, meeting J.(7 in -B. 
Draw ED \\ to ^0, and .*. ± to ^C. 
Then z Dfi^5 = z EBC, 
= z DjBjK ; 

and .-. DE=DB. 




16. Let ACB, ADB be any two as of equal C 
area on the base AB, and on the same side 
of it. 

Join CD, Then, by I. 39, CD must be || to 
AB, 

.*. the locus is a st. line, passing through A 
O, D, II to AB. 




Pio. 148. 



17. Let ACB be an isosceles a , and ADB any other A of equal area 
on the same base. Join DC and produce it to J5? ; e C d 
then ECD is || to ^^. (I. .39.) 

Then ','iECA = lCAB, 
and z BCD = z CBA, 

.; I ECA = A BCD ; 
.*., by Ex. 7, p. 116, the sum of AC, CB is less . 
than the sum of AD, DB ; Fio. 140. 

.'. perimeter of A ACB is less than perimeteT oi ^ AT)B. 
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Fio. 150. 



18. Let ABC be an isosceles A , having i BAC four times as great 
as either of the other zs. 

Draw BDi. to BC, meeting CA produced in D. 
Then l ABC=\ of two rt. zs= J of a rt z ; 
.'. z ABD^^ of a rt z = J of two rt. zs. 
Also, z BAC^^ of two rt zs, 

and /. lBAD=\ of two rt. zs. 
.*. z J.D5= supplement of sum of zs BAD, ABB 
= J of two rt. zs, 
.'. ABB is an equilateral A . 

19. Let BG, terminated by AB, BE, two of the sides oit^ABE, be 

bisected in 0. Join -40, and produce it to F, 
so that AO^FO, Join BF, CF. 

Then ABFC is a O. (P. 59, Ex. 2.) 

Again, let GH be any other line passing 

through and terminated by AB, AE^ and, if 

^•^ it be possible, let (?0= HO. J om QF, HF. 

E Then ^0-FJH is a O. (P. 59, Ex. 2.) 

and .*. CF, HF are both || to AB, which is 

absurd. 




Fio. 151. 




Fig. 152. 



: 20. Let ABGB be a quadrilateral. Join BD. 

Draw AE \\ to BB, meeting CB produced in E. 
Bisect EC in F. Join BE, BF. Then BF shall 
F bisect the quadrilateral 

For since A BAB = A BEB, add to each A BDF ; 
then fig. BABF = a EFB, 
C = A i^'.BO, because FC=FE, 



21. Let -45, CB be the diagonals. Place them so as to bisect each 
other at rt. zs in 0. 

B Then ACBB is the rhombus reqd. 
For *.' BO=CO, and OB is common, 
and z BOB = z 005 
A C .'.BB^CB, 

Fig. 153. Similarly it may be shown that BB=BA, and that 

CB=CA. 

. •. A CBB is a rhombus. 
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22. Describe a rectangle EFGK^fag, ABCD. 

Draw AN=i the given altitude, and ^Q 

J. to AB. 

To AN apply the rect. ANOP=^ rect 
EFGH, / D 

Produce OP to Q, making Pg=2JLiV, 
and join AQ. 
ThenA^P^=i rect. AP, PQ, 

= rect. AP, AN^ ANOP ^ 
^EFaH^ABCD, 




C E 



(I. 40.) 



H 



Fk;. 1:>4. 



23. From 0, any pt. in AB, the base of the isosceles A J.C*i^, dmw 
OJ>, 0-K X to ^0, UO, and draw AF j^ to BC. ^ 

Produce EO to N, meeting AN drawn || to FE. 
Then AFEN is a rectangle, and AF^NE, 
ISow I OAN = I CBA ^ I OAD. / \r 

Then •.• z 0^^ = z OAB, and o/ -^"^^ 

z ODA — L ON A, and -40 is common, ^i 

.'.OD^ON N 

.-. ^l?'=i\^^=8um of 0^, 0^=sum of OD, 0^. fio. 155. 




24. Sum of sqq. on AC, ^I>=twice rect. AC, AD with sq. on 
CD : (11. 7.) 

.•. sqq. on AC, CB, ^D= twice rect. AC, AD with sqq. on CD, CB ; 

.'. sqq. on AB, ^Z)= twice rect. AC, AD, with 
sq. on DB, (1.) 

Again, sum of sqq. on AB, ^i^= twice rect. 
AB, AE with sq. on EB : (II. 7.) 

.'. sqq. on AB, AE, jKD= twice rect. AB, AE, 
with sqq. on EB, ED ; 

.*. sqq. on AB, AD— twice rect. AB, AE with sq. on DB. (2.) 

.'., comparing (1) and (2), we have rect. AC, AD ^ red, AB, AE, 




A E 



Fio. 15(5. 



25. Let J5;P bisect the O 4BCD. Join EB, EC 
Then A EBG= i O ABCD : (I. 41.) 

. •. A J&jBO= quadrilateral ^DOF ; E. 

take from each A ^PO, 

then £^ EBF -= L OED, D 
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26. Draw (?3f, FN i. to DB, EC, produced, and draw A0± to BC 

Then •.' z MBG = z ^JBO, and 

z 0MB = z ^O^, and GB^AB, 

.-. MB^BO, and similarly CN=-CO. 

Now sq. on G^Z) 

= sqq. on D5, ^(? with twice rect. DB, B^^ 

= 8qq. on BC, AB with twice rect BC, 3^ 

And sq. on EF 
=sqq. on EC, CF with twice rect. EC, C^ 
= sqq. on jBO, AC with twice rect 50, (J^ 

,', sqq. on OD, EF 
=sqq. on UC, ^5, BC, AC with twice s< 

on BC. (11. ^-. 

=five times sq. on BC 





/ 


N 


\ 


r« 


^ 




J 


^ 


/ 


V 





C 


/ 


\ 






/ 


D 






E 



Fig. 1M. 



B 



27. Let ABC be any triangle. 

^ Let ^7) bisect z BAC, meeting BC in D, 

let ^F be± to BC, meeting BC in jP, 
let AE bisect BC in .K. 
p-^D E C Then we can show, as in Ex. 6 on p. 41, 

Fio. 159. that AE is greater than AD, 

Also since z AFD is a rt. angle, AD is greater than AF, 
Again, D must lie between E and jP, as is proved in Ex. 3, p. 32. 




28. Since ^0 is bisected in E, 
sum of sqq. on AB, 50= twice sum of sqq. on BE, EC : (II. 13, Ex.) 

and since AB is bisected in F, 

sum of sqq. on AC, OB = twice sum of sqq. 

on CF, FB. (XL 13, Ex.) 

P/_ ^>^ .'. sqq. on AB, AC, BC, J50= twice sqq. on 

BE, EC, CF, FB ; 
C .-. three times sq. on J50= twice sqq. on BE, 
Fig. 160. CF with twice sqq. on EC, FB ; 

.-. six times sq. on 50= four times sqq. on BE, CF with four times 
sqq. on EC, FB. 
Now four times sqq. on EC, FB=B\im of sqq. on AC, AB. 

(IL 2, Ex.) 
=sq on BC; 

,'. five times sq. on 50= four times sqq. on BE, CF. 
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29. Sq. on ^/)=8Uiii of sqq. on DE^ AE : 

sq. on DB =aum of sqq. on DF, BF, 
.*. sum of sqq. on AD, Di5=sum of sqq. on DE, AE, DF, BF. 
So also, sum of sqq. on AC, CB—B\xm of r\ C ^ 

qq. on GE, AE, OF, BF. ^ 

Now sum of sqq. on AD, Di? =8q. on AB 
= sum of sqq. on AC, CB ; 

.-. sum of sqq. on DE^ AE, DF, BF 
=sum of sqq. on CE, AE, CF, BF. F'"- ^^^ 

.-. sum of sqq. on DE, DJF'=sum of sqq. on CE, CF. 




^. Since E and G are the middle pts. of AD, AB, 

.'. GE is II to BD. (I. 40, Ex. 1.) q 

Since F and H are the middle pts. of DC, 



.'. 2^5" is II to BD. (I. 40, Ex. 1.) 

.-. GE is \\ to FH, 
and GH is |j to EF. (I. 40, Ex. 1.) 
.-. GEFH is a O, and .-. GE^HF. 





31. Draw ^J^ x to BC, bisecting ^0 in E. 

Then sq. on -4^= sum of sqq. on AE, EB, 

and sq. on AD—s^im of sqq. on AE, ED ; 

difference of sqq. on AB, AD 

=5diflference of sqq. on EB, ED, 
=rect BD, DC. (11. 5.) g 



32. In AB, BC, CD, DA, the sides of a square, take E, F, G, H 
'^uidistant from A, B, C, D. Join EFGH. 

Then •.• AE=FB, and AH=BE, smdiEAk j^ 
=*=* I EBF, 

.'. EH^EF, and z AEH = z BFE 
SimUarly, EH^HG-^GF^FE. 
Also, z AEF=s\x.m of zs J^i5F, i51i'^, 
=sum of zs EBF, AEH ; 
and .*. z jffJ^i? = z EBF=Si rt. angle. 
. : JEFGHia a square. 
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33. Let the si<ies of the eqoilatenl and equiangular pentagon 
JBCi/lT be produced to meet in Jf, -V, O.F^Q 

P Q 



\ 






.V V» 



\ ^ 

V 

\ 

N 
Fig. Ida. 

Then l C'B3f=sum of zs at P and JV, 
and L BCM=SQm of is at and Q ; 

.-. sum of is at P, Q, Af, JV, 0= the three zs of A 5CAf . 

=two rt angles. 

34. Let AC, CB, placed in the same st. 
line, be sides of the unequal squares. 
Produce AB to E, making C£= CA. 
On AE describe a semicircle ADE, 
Draw DB J. to AE. Join CD. 
Then sq. on ^D=diff of sqq. on CD, CB, 

=di£ of sqq. on AC, CB, 



35. Join EB, AG. 

Then A AEB= a EAC, on same base EA, 
= A ^PC, (L 34.) 

= A JLOC, on same base AC, 
= aAOG, (L34.) 

= A AGD, on same base^G^. 





F/o. 107 
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36. Fig. J5-4i>JS?= one-fourth sq. on -41), 

= one-eighth sq. on AC^ 

= one-eighth of sixteen times sq. 
on AE^ 

= twice sq. on AE, ^ 




Fio. 1(W. 



37. Bisect l ACB by CD, meeting AB in D, and 
CE X to AB, 

Then '.• i DAC = z ^CD, .'. AD^CD ; 
and •.• z 5i)C=sum of zs D^C, JOT, 
.-. iBDC-^ iDBCy 
and .-. Cn=BC, and .". DE^BE. 
Then sq. on -45 
=sq. on -40, 

=sum of sqq. on AE, EC^ 
=sq. on AE with difference of sqq. on BC, BE, 
=sq. on BC with difference of sqq. on AE, BE, 
=sq. on BG with rect. AB, AD, 
=sq..on BG with rect. AB, BG, 



draw 




Fio. 160. 



38. Let ABGD be a trapezium, having AB \\ to GD, 
Bisect JD in E, and join 5J^, GE, 
Through E draw i^^G^ || to BG, meeting 
BA, or BA produced, in F, and GD, or CD 
produced, in G. 

Then *.• z EFA = z J^(?D, 

and z J^JP" = z G^-KD, and A E=DE; 
,', /\EFA= t^EGD, 
and .-. O ^iJ'G^C^trapezium ABGD, 

Hence a 5J^C = half of O J52^C?C, 

= half of trapezmm ABCB. 
D 




Fio. 170. 
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39. Let ABCD be the given O, and JS the line of given altitude. 
Draw CF ± to BC and equal to E. 

Through F draw HFG \\ to AD, meeting BA and CD, or these 
produced, in H and G, 

H r K G 




Join ITO meeting AD in J, and draw KIL \\ to jH!B, meeting 
HG, BC in iC and L, 
Then XiOG^ is the O reqd. 
For KD=AL (I. 43), and /. KC=Aa 
Also ^C, -4C are equiangular, and the altitude of KG is CF=E. 




Fig. 172. 



40. Let -450 be a A . Produce BA to 
D, AC to ^, and CB to F, each to twice 
its original length. 
Join AF, BE, CD, DF, FE, ED. 
Then A i)^F=sum of as ABC, ABF, 
ADF, ADC, DCE, CBE, EBF, and ea<;h 
£ of these As = a ABC ; (L 38, Ex. 1.) 
. •. A DEF= seven times A ABC. 



41. Let ABC be a right-angled a , with z BAG a rt. z , and 
BA = CA. 
Let Bi), the bisector of z ABC, meet -4C in D. 

Draw DE ± to 50. 
A Then BE = J5^, and DE=DA; (L 26.) 

and •.• z ^OD = J a rt. z, .*. z EDG = J a 
rt. z, and.'. ED=EC. 
Then sq. on 0Z)= sum of sqq. on EC, ED, 

= twice sq. on ED, 
= twice sq. on DA. 
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*^ Rect JBD, i>^=8q. on CD ; (II. 4, Ex.) 
Rect. ^D, DC=8q. on 51) ; (II. 4, Ex.) 
•■- lect. 5D, BE with rect ^Z>, DC 

=sum of sqq. on CD, 5D, 
=8q. on BO. 

^^- Let AB^ CD be two st. linea, of which AB is the greater. 

^^^ ABtakeAE=CD. ^ ^ 

*^li€n sum of sqq. on AB, -4^= twice rect. * ' 

^^y AE with sq. on BE ; ^ 

•*• Slim of sqq. on AB, CD = twice rect AB, p,o 175, 

^^ ^th sq. on BJ^ ; 

•*. sum of sqq. on AB, CD is greater than twice rect. AB, CD. 

^ Let ABC be a A, having AB=AC. 
bisect L ABC by BD, meeting -4C in D. 
l^w DE II to BC, meeting AB in ^. 
'^en EBCD is the trapezium reqd. 
For •.• z ^^D = L ABC, and z ADE = z ^CB ; 
.-. I AED = z ADE, and .'. ^A'=^D, 
and.-. BJ^= CD. 
Again, •.• ^D is || to BC, .\ l EDB = z DBC, 

:.lEDB^ LEBD,fixA.\ED^BE\ Fm. ne. 

/. B^, ^D, DC are all equal 

45. Since the sum of the squares on the diagonals is equal to the 
sum of the squares on the four sides (see p. 93, Ex. 2), so long as the 
sides are of given length the sum of the squares on the diagonals will 
be the same. 

46. Let AEB be the equilateral A. Draw 
W± to JB. 

rtmiBN^\AB^BC. 

Then area of rectangle = rect. AB, BN, 
and area of triangle = rect. EN, BN. 

Now EN is less than EB, and .'. EN is less 
tlmiAB; 

.'. area of triangle is less than area of rect- 
angle. D ^va.\TU ^ 
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47. Draw BD ± to CO produced. 

A Then z BOC= } of four rt zs, 

and .'. z BOD^i of two rt. zs ; 
and z £D0 is a rt. z, 
0^>^\ and .% 50=2 OD. 

(P. ii6, Ex.a) 
Then sq. on BC = sum of sqq. on OB, 0(f 
with twice rect OD, OC; (IL 12.) 

.'. sq. on BC = sum of sqq. on OB, OC with rect OB, OC. 
Similarly, sq. on CA = sum of sqq. on OC, OA with rect OC, OA ; 
and sq. on -4 J5 = sum of sqq. on OA, OB with rect. OA, OB ; 
.*. sum of sqq. on BC, CA, AB = twice sum of sqq. on OA, OB, 
OC with sum of the rectangles OB, OC; OC, OA ; OA, OB. 




Fig. 178. 




48. Let ABCDEF be an equilateral 
and equiangular hexagon, and let the 
sides produced meet in M, N, 0, P, Q, H, 

Then MOQ is a triangle, 
and .*. sum of zs at M, 0, Q=two rt. zs ; 

and PNR is a triangle, 

and .'. sum of zs at P, B, ^s=two rt zs ; 

.-. sum of zs at M, N, 0, P, Q, R 

— four rt. zs. 



Fio. 179. 



49. Sum of sqq. on BE, ED, DC, with twice rect. BE, ED with 
twice rect. BE, CD, with twice rect. ED, CD, 

=sq. on BC, (See p. 93, Ex. 9.) 

= sum of sqq. on BA, AC, 
=sum of sqq. on BD, CE, 
=sum of sqq. on BE, ED with twice rect. 
BE, ED, with sum of sqq. on ED, DC with 
twice rect. ED, CD, 



B 




E D 



Fio. 180. 

.'., taking from each common squares and rectangles, 
twice rect. BE, CD=sq, on ED, 
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50. Let A BCD be the given square. 
Produce CB to E, making BE = one side of the rectangle. 
Complete the rectangle ABEF. D 

Produce FB to meet DC produced in G. 
Draw GHK || to G^, meeting AB, FE, pro- ^ 
duced, in H, K, 

Then rect. 5^E:H=square ABCD, F" 

(I. 43.) 



B 


^^^ 


^^ 





E 

Fio. 181. 



H 
K 



51. Sum of sqq. on AD, CD with twice rect. 
AD, CD, 

=sq. on ACy 

=sq. on A By 

=sum of sqq. on AD, BD ; 
/. sq. on J?D=sq. on CD with twice rect. AD, CD. ^ 




Fig. 182. 



END OF BOOK II. 
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BOOK III. 

^ Page 125. 

Exercise 1. Let CD cut AB, but not at right 
angles. 

From 0, the centre, draw 0F± to AB. 
B Then AF=- BF, and /. ^^ is not equal to BE. 



Fio. 183. 




Ex. 2. Let EF bisect each of the || chords, AB, 
CD, in the pts. M, JV. 
Then the centre of the © must be in FJF. 
For, if not, let be the centre, and join OM, 
ON, and produce CM to meet CD in P. 
Then OM is ± to AB, and /. OP is ± to CD. 
But ON is also ± to CD, which is absurd. 
.*. centre of © lies in FF ; 
.*. EF bisects AB, CD at rt. zs. 




Ex. 3. Let A be the given pt. 
Find the centre of the © . 
Join OA ; draw ABs. to OA meeting the Oce 
in B. Produce BA to meet the Oce in 0. 
Then since OA is ± to BC, it bisects PC 



Fio. 186. 
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Pagt 126, 

Exercise 1. From the centre of the © draw 
a st. line OP, bisecting one of the chords, AB. 

.-. OP is ± to AB; 

.: OP is ± to the other chords, CD, EF, . . . ; 

.•. OPf produced if necessary, bisects all the chords; 

.'. the locus is a st. line passing through the centre. 

Ex. 2. Let ABCD be a O inscribed in the © ABCD, then must 
it be a rectangle. 

For since the diagonals of the O bisect each 
other in 0, must be the centre of the © , and .*. i\y^ ^B 

CA==BD. 
Then 

•.* AB^DC, and BC is common, and CA = BD ; 
.-. I ABC = z BCD ; 
.'. each of these zs is a right angle. (I. 29.) ^ 
Similarly, each of the zs BAD, ADC is a right angle. Fig. 187. 

Pagt 127. 

Exercise. Let ABC, ABD be two circles cutting one another in 
the points A and B, 
Let be the centre of © ABC, and P the centre of © ABD, 
Join OP. Through B draw CBD \\ to OP, 





Draw OQ, PjB± to Ci>. 

Then OPBQ is a rectangle, 

and.-. QR = OP, 
Now CD=CB + BD 

=2QB + 2BR=2QR=20P. 
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Page 130. 
Exercise 1. Let FE be any 0I 
drawn from F to the Oce. Join 
Then sum of OF^ FE is grea 
0E\ 
.'. sum of OFs FE is greater thai 
.'. sum of OF, FE is greater tha 
OP, FD ; 

.-. FE is greater than FD 



Ex. 2. Let FE, FC be two positions of FB (fig. to Ex. 1), 
nearer to D than C is. 
Join OC, OE, 
Then •/ CO^^EO, and OF is common, and z COF is greai 

.*. CP is greater than EF. 

Ex. 3. Draw OF making z FOF = z PO^, and join FF 
Ex. 1). 

Then '.• OE^OF, and OP is common, and z PO^ = z PO 

.-. FE^FF. 

But any other line drawn from P to the Oce may be shoi? 
not equal to FE (or FF) as in Ex. 2. 





Page 131. 

Exercise 1. Let D be any pt. in the < 
tween B and C. 

T%en shall FD be greater than PB. 

Join BO, DO. 

Then •.' BO^DO, and OP is comm 
z DOP is greater than z JBOP, 

.*. PD is greater than FB, 
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Ex. 2. Make z POE = z FOB, and join PE (fig. to Ex. 1). 
Then •/ BO=EO, and OP is common, and i BOP = z EOF, 

.-. PB^PE, 
But any other line, drawn from P to meet the Oce, may be shown 
not to be equal to PB (or PE) as in Ex. 1. 



Page 135. 

Exercise. Let z BAG be a right angle. 
Makez J5^0 = z^50, 

and .-. z 0^0 = z ^05. 
Then OB=OA==OC. 

.*. is ihe centre of the © described round B 
ABC. 




Page 137. 

Exercise. Let the , whose centre 
is A, touch the ©s, whose centres are 
B and 0, in D and E respectively. 

Then difference between AB and 
AC, 

= difference between DB and EC, 
= difference between radii of ©s 

whose centres are B and C, 
=half the difference between dia- 
meters of those ©s. 




Fig. 192. 



Page 140. 

Take the diagram of the Proposition, and 00=5 inches and 
0Q= 4 inches. 
Then since V25-16= x/9 = 3, .'. 0^=3 inches ; 

.*. the second chord is equal to the first. 
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ExEBCisz 1. Let AB be the giren diordy O the given line. 
Find the centze of the 3* , and draw ^OF a diameter. 

In f I'take EG^C^ and with centre 
E and distance EG describe a catting 
the giren in ^. Join EH.^ and 
iNisect it in Jf . 
•C With centre and distance OM de- 
scribe a 3 catting ^£ in ^. Through 
-V draw the chord PUx to ON. 

Then PR and ^ffbeing equidistant 
from the centre O are equal, and 
FR^C, and FR is bisected by AB. 





Fiu 114. 



Ex. 2. Place the as ABC^ ADE so that their 
vertices coincide in A. 

Then since AB^ AC, AD, AE are all equal, a 

3 described with centre A and distance AB will 

liass through C, D, E. And since the ± s AFy 

AG drawn from J. to the chords BCy DE, are 

equal, .*. BC=DE. 




Ex. 3. Let ^£ be a diameter of the , and 
let the chords CD, EF cut AB in 0, so that 
z AOC = z -40-E. 

From P, the centre, draw P(7, PJ jjs to CD, 
EF. 

Then z POG = z ^OC = z ^0^ = z FOH. 

Then \- z POO = z POB, 

and z OHF = z OOP, and OP is common, 

.-. FG=FH, and /. CD=EF. 



Page 144. 
Exercise 1. Take the diagram of the Proposition, and join OD. 
Then in as ^PO, ADO, 
•/ BO=^DO, and OJ. is common, and zs OP^, ODA are rt zs. 
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Ex. 2. Let ABy BC, CD, DA touch the G /^ 
in the pts. E, F, Q, H. 

Then AE=AH, BE^BF, CF--CQy and u 
D&^DK 

•'. Slim otABy OD^sum of AE, BE, CG, DG, 

=8um of ^ H, DH, BFy t% 
=8um ci AD, BC, 




Page 14s 



Exercise. Let A and B be the 
^'^litres of two © s that touch both 
tUe lines CD, EF, which intersect 
«^ O. 

Then A must lie in the line 
^^ that bisects i DOE, since 
OJif^OiV^, and AM=AN. 

Similarly B must lie in the line 

^-B bisecting z J'OD. And since 

a^Tn of zs EOD, FOD=two rt. zs, 

■ .-. sum of zs AON, BON, that 

^ z AOB, is a right angle. 




Kia 197. 



Page 146. 

Exercise. Let ABC, DEF be two concentric 
s, and let AC, a. chord of the greater, touch 
DEF in D. 

Then shall DC=DA. 

Find 0, the common centre. 

Then •.* OC = OA, and OD is common, and 
rt. z Oi>0= rt z ODA, 

.\DC=^DA. 
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Page 148. 

Exercise. Let CB touch the © ABF in B, 

Draw CDA through D the centre. 
^A AB, DB, 

Bisect ACB by CE, meeting AB in 
Then z CEB^sxxm of zs ACE, DAE, 
= sum of i z DCB and \ z 
Nowzs DCB, 5i>0 together = a rt. 
cause z DJ50 is a rt. z ; 

.'. z 0^5= half a right angle. 




Fig. 190. 



Page 151. 

Exercise 1. For taking the diagram in the Proposition and j< 
OB, OC in fig. 2, the reflex angle BOC is double of z BAC, an< 
of z BDC, and .". z BAC = z ^DC. 




Ex. 2. Let AC, BD be chords intersecting 
Join AD, BC, 

Then ".• z CJ50 = z DAG, in same segmen 
and z BOO = z ADO, in same segment 
.'. AS BOC, AOD are equiangular. 




-F/a 201. 



Page 153. 

Exercise 1. Let ABCD be a q' 
lateral inscribed in a ©. 
Produce DC to E, 
Then z J^05= supplement of z BC} 
= z. BAD. 
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Ex 2. Since 

' ^J50= supplement of z ABC, 
^aADE; 
and / i;aB= supplement of z BCD 

= z EAD, 
•'. As EBCjJSAD are equiangular. 




Fio. 202. 



Ex. 3. From the nature of a rhombus, or any CJ that is not rect- 
^^^^rolar, two of the opposite zs are together greater than two right 
^^les, and therefore it cannot be inscribed in a 0. (See also III. 4, 

fe 2.) 



E3C 4. Let ABCD be a quadrilateral inscribed in a ©. 

I^roduce BA to E. Bisect z BCD by CP 
meeting the Oce in P. Join FA and pro- 
<i»ce it to P. ^ 

■•^en we have to prove that 

z EAF=^ z DAF, ^ 

^ow z FCB = z FAB in the same seg- 
men-t 

^lEAF; 

and z ^^i)= supplement of z 5JIZ), 
= z ^OD ; 
and since z PGB=:half of z J50A 
.-. z ^^P=half of z EAD, 




Fio. 208. 



^^- 6. Join DE. 
I'ben z -4Z)-&= supplement of z ABC, 
= supplement of z BAC, 
= L BED ; 
.-. z CDE = z CED, and .: CD=CE. 
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Pio. 205. 



Ex. 6. Let ABCB be a quadrilateral 
whose opposite zs are together equal to tv 
Then a © BEDC described about the 
must pass through A, 

For angle in segment ^^i>=supplei 
lBCB, 

^iBAl 
.'. A must be a pt. in the Oce. 




Fto. 206. 



Page 156. 

ExERCicE 1. Since z BDA is of constan 
tude, 
and z CAD is of constant magnitude, 
D /. z AEB, which is equal to the 
zs DBA, CADf is of constant magnitude 




Ex. 2. Let A By CD be equal arcs. 
Join AB, BD, DC, CA, BC. 
Then A ACB = I CBD, 
and.-. ^0 is II to 5i). 




F 

FiO. 208 



Page 157. 

Exercise 1. Join BD, 
Then since chord -4J5= chord DC, 
r. arc AEB=&TcCFD; 
.\lADB = iDBC; 
.\ AD is \\ to BC. 
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Ex. 2. Let DAE touch the © at A, the 

middle pt. of arc BAC, 

Erom 0, the centre, draw OA ; this line is ± to 

I>AB. Let OA cut the chord BC in N. 

Then •/ arc AB=a,TC AC, /. z BOJV = z OOi^, 
and BO=CO, and OiV is common to as BOiV, 

and /. OA is ± to BC ; 

.-. 50 is II to DAE. 




Fio. 209. 



^ 3. Let -45, CD, equal chords, cut one another in E. 
r^en •/ chord -45=chord CD, 
.\ arc ^05=arc CBD ; 
/. z ^05 = z 05Z). 
Also, z ACD = z .451), in same segment ; 
and .-. z ECB = z 550 ; 
and /. EB=EC : 
and .-. EA = ED. B 

Fio. 210. 




Page 158. 

:rcise 1. Let AB, CD be || chords in the © ABCD, 
J^i^ AC, BD, AD, BC. 
^^n •.• z ABC = z BCD, 
-•.arc ^00= arc 5Pi); 
• '. chord ^0= chord BD, 
^Xici •.• z ^5i>=supplement of z BDC ; 

= z 5JL0, 

.*. arc ^OD=arc 52)0; 

and .'. chord ^D= chord BC. 

^^^ 2. Let AB, CD, EF be three equal chords 
'^ ^^e ACBD, cutting one another in the 
aaia^ pt 0. El 

T^en, by IIL 28, Ex. 3, 

0^ = 00, and 0^ = 05; 
and .*. is the centre. (III. 9.) 




Fig. 211. 




T\Q. 'iVl. 
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Page z6a 

Exercise. Let CABD be a semicircle on the diameter CD. 
From 0, any pt. in CD, draw OA ± to CD, and 0-B to the 
bisection of the Oce. 

Bisect CD in E, and join BE, then 5^ is 
± to 0Z>. Join AE. 
Then sq. on 0£=sum of sqq. on OE, EB; 
and sum of sqq. on OA, OE^sq. on AE ; 
.'. sum of sqq. on OB, OA, OE— sum of 
Via. 213. sqq. on OE, EB, AE ; 

.*. sum of sqq. on OB, 0-4= sum of sqq. on EB, AE, 

= twice sq. on radius. 




Page z62. 

Exercise 1. Let ^0 be the diameter of the larger © ; and AB 
the diameter of the smaller 

Draw ADE cutting the smaller © in D, 
and meeting the larger © in J^. 
Join DB, EB. 
ThenmAs ABJ),EBD. 
V L ADB = L EDB, and l BAD = 
z BED, and BD is common, 
.'. AD=-ED. 





Ex 2. Let BAC touch the © AED in A. 
Let chord ED be || to BAC. 
From 0, the centre, draw OA cutting the 
chord in P. 
Then, since OA is ± to BAC, 
.-. OP is ± to -ED ; 

.\PE=PD; 
.'. L EOF ^ I DOP ; 
,*, arc J^-4 =arc DA, 
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Ex. 3. Let AB, AG touch the BCE in the 
pts. By C. Join BC and through 0, the centre, 
draw the diameter COB. 

Now in the quadrilateral ABOCy since zs ABO, 
4C0 are rt.zs, 

.'. I BOC is the supplement of z BAC. 

But I BOC is the supplement of sum of zs OBC, ® 
OCB', 

.'. I BAC =sam of zs OBC, OCB ; 
= twicezOCJB. 

^x. 4. Let -450 be an oblique-angled A, in- 
^'^ in a 0-450. 

^^d let z -B-4C be greater than a rt. z . 

^i^w COD a diameter : then z D-40 is a rt z ; 

*Q<i z B^D = z -BOD, in the same segment, 

•'• z B-40 is greater than a rt. z by z BCD, 
"^^^^in, z ABC = z -4D0, in the same segment, 
and z -4D0 with z -40D=a rt z. 

• '. I ABC is less than a rt. z by z ACD, 

^- 5. Let AC, BD be the ± s on the chord PQ 
^ the extremities of the diameter AOB. 
^t 5D,the greater perpendicular, cut the in 0. 
*^^ii z -405, being the z in a semicircle,is a rt. z . 
• • < 40D is a rt z, and .'., since the zs at and 
^^^^ rt. zs, z 0^0 is a rt. z. 

• \ 40D0 is a rectangle, and .*. AC^OD. 



^^ 6. Let the 0s ABC, ABD inter- 
sect 




Pio. 217. 




^ 4 and 5. 
^t and P be the centres, and -400, 
^^•C> diameters, 
'^en z ABC is a rt. z . (III. 31.) 

^^milarly, z -45D is a rt z ; 

. •. OBD ia a at line. (L 14.) 

£ 
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Ex. 7. Let A be the common centre of the © s. 

Draw AB^ a radius of the smaller ©, 




aB 



produce it to so that BC=AB, 

On BG describe a semicircle BDC cutting ^ 
greater © in D. Join DB and produce it to u^< 
the original circles again in E and F, 
Draw -40± to DF, and join CD. 

Then •.* rt. z 5i)0 = rt. z ^OjB, 

and I ABO = z CBD, and AB^BCy 

.-. DB=BOy and /. i)0= twice 05. 



Fio. 220. 

Now FO=^DO, and EO=OB : 

.-. i^D= twice B^. 




Page 163. 

Exercise. Let G^^^, -FjBJBTbeHtange 
to the © ACBDf at the pts. -4, 5. J" 

Then 

z in segment -4i)5 = z FABy 

= z ^5^, 
= z in segment ^C 
H .'. the angles in these segments are rt. z 
.'. ABiask diameter of the ® . 




Page 164. 

Exercise 1. Let the tangents at P an( 
meet in 0, and let the tangents at ^ m 
OP, OQy in M, N. 

Then z POQ 
=supplement of sum of zs MP A, NQA 
= supplement of sum of z s MAP, NAQ 
= z MAI^. 



Fio. 222, 
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Ex. 2. Let ^, £ be the given pts., and CD the given line. 

Join AB and on it describe a segment of a 
® capable of containing the given l . The A. 
points, where this segment cuts, or the point 
Here it touches, CD, will be points, such 
^t if lines be drawn from them to A and B^ 
^e angle contained by these lines will be equal 
^ given z. 




Fiu. *J^. 



Ptige Z65. 

. ^Xerctse 1. Let the ©s ABC^ ABE touch 
^oteraally in A, 

"Xw FAE, cutting smaller © in 0. 
;^Xaw the tangent PAQ, touching © s at -4. 
■*^Vien A FAQ = z in segment ABC ; 

and z FAQ «= z in segment ADE : 
^'^gments ABC, ADE, contain equal angles. 
Similarly segments AGC, A HE, contain 
^^«U angles. 




Pio. 224. 



:;^x. 2. Describe a © ABC with given radius. 
. "^-^w AB cutting off a segment ACB capable 
^2ontaining an z equal to the given vertical 
e, and with centre B and radius » given side, 



itk 



j?^t3rib€ a © cutting © ABC in X). Join DA, 
^then A DAB is the triangle required. 




Via. 225. 



^Ix. 3. Let AB be the given base. Describe on 
"^•^ the segment of a © capable of containing the 
SVven vertical angle. 

With centre A, and radius = the given ± , describe 
^ O, and draw BD touching this © in D. 

Produce BD to meet the segment on AB in C. /\ 
Then ACB is the tnangle required. 




"^w. *iafc. 
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B 
Fio. 227. 



Pftge ztf6. 

Exercise 1. Since rect. QF^ CQ*** 

and rect G¥y CQ'=rect -40, Q3 
.-. rect. OF, CQ^rect. OF, CQ^, 



-f!^ 



Ex. 2. Taking diagram of Ex. 1, a described about A P^Q 
pass through P', because rect. QP^ OQ=rect. OP, CQ'. 



Page Z69. 

Af isceZ^n^oiM Exercises on Book III, 

1. Let -iD-B, AOB be the segments. D^^ 
AE, BE tangents to the ©. Join DE, cutt^- 
the © in 0. 

Then z 2>0P=sum of zs QBE, OEB, 
=sum of zs BDOy OEB ; 
and z DO-4 =sum of zs -4I>0, OEA ; 
.-. z 50-4= sum of zs ADB, AEB 
:. difference of zs jBO-4, ADB = z AEB. 

2. Let 0, P be the centres of any two of the ©s, -4 the point o; 

contact Then the line joining 0, P 
passes through A, (III. 12.) Draw 
BG a chord of both ®s passing 
through A, Join OP, GP. 

Now z OP^ = z O^P (L 5.) 
= aPAG (L 15.) 
= z PGA. (L 5.) 
Fio. 229. .'• OB ia i^\t<i GP, 
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3. z. QPM = L QFN in alternate segment, 
and L QMP = z ©iVP', each being a rt. z ; 
. ". AS QPM, QP'N are equiangular. 




Fio. 280. 



^ let DE cut AB in P, and AC in C- 
^^enz -igP=sum of zs ACD, EDt\ 

=sum of zs D^^, ABE, 

= ^APQ; 




Fio. 231. 



j^^^^* Let ABCD be the quadrilateral fig. inscribed in the © ABCD, 

J.* ^ let z ABC be a rt. z, then z -42>0 is also a /\^ j;;;-^^ 

•^- (111.22.) 

tK ^''"^ ^» ^^® centre, draw Oikf, OJ^, OP, OQ to 
^iniddle pts. of the sides. 

^^hen MQ, NP are rectangles. DN 

-^^lien sq. on 05= sum of sqq. on OM, OQ, 
^nd sq. on 0D= sum of sqq. on ON, OP ; Fio. 232. 

• •. twice sq. on radius = sum of sqq. on the four perpendiculars. 




^. I. Let and ^ be on the same side of the centre 0. 
^ tjet the chord BD be bisected in 0, and let 
"^■^ be any other chord through 0. 
t)raw OP ± to EF. 

Then •/ z CPO is greater than z COP, l ^ ^0 

.*. CO is greater than CP ; 
,\ FEia greater than BD, (IIL 15.) 
. *. arc EAF is greater than arc BAD ; 
.*. z BAD is greater than z EAF. Y\o. ^^. 
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Fio. 288 a. 



II. Let and ^ be on opposite sides < 
centre. 
Make the same construction. 
Then EF is greater than BD : 

.'. arc EBF is greater than arc'^ZC 

.*. arc EAF is less than arc BAD ; 

/. L BAD is less than z BAF, 




7. Let be the centre of the © ABC, 
Bisect the chord AB in E, and draw the 
CED. 
Bisect 02> in i^ and join OF, 
Then z OFE is a rt. z ; 

.-. z OFE is greater than z OEF ; 
.-. 0^ is greater than OF, 
.'. Oi> is nearer the centre than AB is. 
Similarly, if a third chord be drawn through F, it may be 
that this chord is nearer to the centre than CD is, and so on. 

8. Let a © pass through B, 
opposite z s of the ZZ7 A BCD, Dra^ 
OP joining the pts. of intersection 
© and the sides of the O. Join 

Then 
z MPO = supplement of z MBO (11 
= supplement of z NDP (I. 
= z PMN (II 

MZVis 11 to OP. 

9. Let Ti, ?-2, n be the rj 
the © s, of which the centi 
A, B, C. 

Then -45= sum of n anc 

and -4 (7= sum of Vi and i 

.*. difference of -45, AC= 

ence of rg and ra, which is 

pendent of ri, and is th< 

invariable, when the circles 

j.,0, 236. centres are B and C are gi^ 




Fig. 2a6. 
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10. Take any ACBD, and let be itti 
centre. 

Draw the diameters AOB, COD at rt. i.b. 

Through A, £, 0, D draw lines !| to CD, 
AB, meeting in M, N, P, Q, 

Then QM, MN, NPy PQ are taugente to 
the ACBD, and are all equal 

Then with centre 0, and distance OF de- 
scribe a 0, which will pass through P, Q 
^» ^, and will be the onter circle reqd. 




Flo. 237, 



n. Let ABCD be any quadrilateral inscribed in a . 

Bisect any two adjacent sides, AD, AB in E, F. 

I^t be the centre of the 0. 

Then OE, OP are ± s on ^D, AB. 

•'. since zs AEO, ^PO are rt. zs, a de- 
scribed about b. AFE will pass through 0, and 
AO will be its diameter. 

•'• the radius of the about AFE will be 
"^ -40 ; and since AO passes through the 
centre of this , this will touch the ABCD. 

Similarly it may be shown that if any other adjacent sides be 
bisected, and the pts. of bisection joined, the described about the 
^gle thus formed will have a radius half AO, and will touch 




Fig. 238. 



12. Let AB be the given st. line, MDN the 
given . 

Prom 0, the centre, draw 00 ± to AB, cxxi- 
tiog the in 2>. 

Through D draw EDF \\ to AB. 

Then •/ i EDO = z ^00=a rt. z ; 
.*. EDF is a tangent to the © . 




¥iQ. 239. 
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13. Let A be the given radius, DE the line in which the centre of 
the is to be, and BG the line which is to be a tangent to the 0. 

Draw BF x to BC^ and equal to A. 

Draw i^G^ II to BQ, meeting 
DE'yslQ, 
Draw GK x to BC, 
Then a © described with cen- 
tre G and distance GH will 
touch JBO, and will have its 
radius equal to A. 

Fio. 240. 

14. Let AB be the diameter of the given ©, and the centre. 
Let CD be the given line. Draw DE= OB, and x to CD, 
Join CE. Produce AB to jP, so that OF=CE, 
Draw ^P a tangent to the at P. 

F 






^ Fio. 241. 

Then sum of sqq. on PP, OP =sq. on FO, 

=sq. on CEy 

= sum of sqq. on CD, ED ; 
.*. sq. on PP =sq. on CD ; 
.-. PP= the given line CD. 

15. lABC = sum of zs BAM, 
AMB, 

Now •.• LC=BM, 
.-. z iPO = z BAM ; (IIL 28, 27.) 
.'. z -45i = z AMB ; 
.-. arc ^i=arc AB. (IIL 26). 
Also, since z ZrPO = z BAM, 
Fio. 242. .'. XP is a tangent at P. 
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16. Since zD-4a= lDEA, (111-32.) 
= L BAB ; (I. 29.) 
and I CD A = i EBA ; (III. 32.) ^ 
•'. As AGD^ EAB are equiangular. 



17. Since BC=AB, 
.-. L GAB = z ACB, 

= lADB, (111.28,27.) 
= z in segment ADB ; 
•. -40 touches the Q>ABD, 



18. Let CD be the given line. Join AB. 

lu -intake a pt. E, such that rectangle 

^-4,4^^gq on CZ>. (See p. 120, Ex. 50.) 

'^ith centre B and distance BE describe 

•^ ® ^?6?, and draw AF a tangent to this 

at?. 

'^en •.• rect. BA, AE = sq, on AF ; 

(III. 37). 
.-. AF=CD. 




Fia. 245. 



19. Let ^i^O be a A. Draw BE, OF ± to AC, AB, and let them 
intersect in 0. Join AO and produce it to meet ^0 in 2> ; then 
^^AB be ± to 50. 

Join EF, Then a © may be described about 
^^^^\ (III. 22, Ex. 6.) 

,\iFAO^ iFEO, (111.21.) 
Also, a © may be described about BFEC ; 

(III. 31.) 
.-. I FOB = z FEO. 
R^ncQjLFAO = L OCD, and z AOF=- z COD, ^ 
.'. L ODC = z 0JL4 =a rt. z. 
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20. Let be the intersection of the ± s as in Ex. 19. 
Then, by II. 7, 
sum of sqq. on -4D, ^0 = twice rect. -4D, AO with sq. on XK), 
sum of sqq. on BE^ ^0= twice rect. BE^ BO with sq. on EOy 
sum of sqq. on CF, CO = twice rect. CF, CO with sq. on FO ; 

.-. sum of sqq. on AD, BO ; BE, CO ; CF, 
-40= twice sum of rects. AD, AO ; BE, 
BO ; CF, CO ; with sum of sqq. on DO, EG, 
FO; 

.-. sum of sqq. on AD, BD, DO ; BE, GE, 

EO ; CF, AF, FO = twice sum of rects. 

C AD, AO ; BE, BO ; CF, CO ; with sum of 

Fio. 247. gqq, on DO, EO, FO ; 

.-. sum of sqq. on AD, BD ; BE, CE ; CF, ^i^= twice sum of 

rects. AD, AO ; BE, BO ; CF, CO ; 

.*. sum of sqq. on AB, BC, (L4 = twice sum of rects. AD, AG; 
BE, BO ; CF, CO. 





Fro. 248. 



21. Let ©s ABC, AHD intersect in 
A and B, 

Draw CD a common tangent to the 
© s in 0, Z>. 
Let AB meet CD in 0. 
Then sq. on OC = rect. BO, OA, 

(IIL 36.) 
= sq. on OD ; 
.-. OC=OD, 



22. z CAG = z 6'i?i>, in same segment ; 




Fio. 249. 



.-. z GAE = z i^'^H ; 

.*. z GfZ^= supplement of z GAE, 

(III. 22.) 
= supplement of z FBH, 
= L HGF ; 
and z G'J^i'* = z GHFin same segment; 

.-. z J^GfjF^ = z GjF^if ; 
.-. sum of zs GFH, FHE=tvfo rt. zs ; 

(III. 22.) 
.-. GF is II to EH. 
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23. Since rect. AO^ CB^sq. on CP, 

(III. 37.) 
and rect. AC, CB=Bq. on CP^, 
.'. sq. on CP =sq. on OP' ; 
.-. CF=^CF, 




Fig. 250. 



24. Let ABC be a a, ^I>, BE, CF thexs from the angular pts. 
on the opposite sides, intersecting in 0. 

Then •/ a ©described on BC as diameter will 

pass through F and E, (III. 31.) 

•'. rect. GO, OP=rect. BO, OE (III. 36.) 

-^gain, •/ a © described on -41? as diameter 

will pass through E and D, B 

•'. rect BO, OE=Tect AO, OD (III. 3G.) 




25. I*t AB, -40 be equal st. lines dr.iwTi from 

^ to the © BCD, and let them be produced to 

meet the Oce again in 2>, E, 

^w OM, ON ±io BD, CE, and join OA, 
OB, OQ, 

Then ^^J50 = z ^00; (1.8.) 

•. L OEM = I OCN, and z OM-B = z ONC, 

andOP=00; ^ 

.*. 0M=sON, and .'. -42>, -4.^ are equidistant 
from the centre. 




Yui.'KA. 
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26. lCBC^ l CBB+ l BBC^ l CBB+ l BB'C= l CFC, 

and z BOB ^ two l BAB, 
and four right l% - l BCB— two l BA'B ; 

A. 




I 



.-. L BCB+ I BaB=fom rt. zs +two z BAB -two z BA'B, 

=four rt. zs - two z ^^-4'- two z ABA'y 
=four rt. zs - z ^0^' - z ^CK^', 
= two zO^'O^; 
.-. two z CB(7=four rt. z s- two z OA'C/ ; 
.'. z OjB(r=two rt. z s- O^'O'. 

27. Let RQ the common chord of the 
© s AQR, BQR be produced to P. Draw 
PBG a chord of © BQR. 

Then rect. OP, P5 = rect. RP, FQ, 

=sq. on P-4 : 

.*. a ©passing through A, B, Chas PA 
for a tangent ; 
Q .*., PA being the conmion tangent to 
this © and to © AQR, these s touch 
at A. 

28. Let AB be the given base, and bisect it in 0. 

On AB describe a segment of aqADB capable 
of containing an angle = given angle. 

With centre C and radius = given length of the 
line from the vertex to the middle pt. of the base 
'g describe a © cutting ADB in D. 

Join AD, DB. Then ADB is the A reqd. 





KE Y TO ELEMENTAR Y GEOATETR Y. 7 7 



L DCB » z BAD, in same segment, 
=halfz^^a 




30. Let be the intersection of AD, EC. 
ThenvzCBD = zC^D, 
and z50D = /. AOC, 

.-. z ADB = z ACB ; (I. 32.) 

•'• a passing through ^, By C will pass 

thion^ D. (HI. 21.) 



31. Obyiously^C=^C: 
•• ^ 4PC= z ^^C ; (in. 28, 27.) 

.-. in AS APT, ABB, 

I ABB = L ATF, 

=a right angle. 

Hence a0 may be described round 

^m; P 

and.-. I BTQ = i P-4C= comple- 
ment of z AFB (since z ASF is a 
n^t angle, for reasons similar to 
those by which we proved z ABB to be a right angle). 

Similarly z OTC= complement of z AFB : 

.-. z iJTC = z /STQ. 

32. Let ABCD be a quadrilateral such that, when DA is produced 

toi;z^^5 = z5aD. 

Then z B^Disthesupplementof z -BCD. 
.*. a ©may be described about ABCD. 
.'. z -BD-4 = z 5(X4 in same segment. 
Similarly it may be shown that the 
aDgles subtended by the other sides are 




Fio. 268. 




til I 
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. 




Fui. 260. 




33. Describe a about the A ABC. 
Draw AT a tangent to this0. 
Then z TAC = l ABC, (IH 

^lADE', (L! 

. * ^ T is a tangent to the © described about i 



34. Let AB and CD be the 
of the given squares, AB bein 
greater. On ^jB describe a semi( 
and with centre A and distanc 
describe a circle cutting the semi 
in^. 



D 



A B 

Fio. 261. 

Join AE, BE. 

Then sq. on ^J5= difference of sqq. on AB, AE, 

= difference of sqq. on ^-B, CD. 



35. Let AB, ACh^ drawn as tangents to 1 

BCE from the same pt. A. Draw DOF a ta 

to the Oat 0, meeting AB, AC m D, F, 

Then V DO =DB, (IIL 17,1 

C andFO^FC (IIL 17, E 

.-. perimeter of A ^DF=:sum of AD, DO, 01 

=s\xmo{ AD, DB,FC 
=sum of AB, AC, 
which is therefore the same for all positions 




E 
Fio. 262. 



36. Let be the pt. where the c 
described on AC, BC intersect. 
Join^O, J50, CO. 
Then z ^00= supplement of z 

segment . 
and z J50(7= supplement of z 

segment . 
Then z A OB will be supplemem 
in segment of © described on AB 
since sum of z s AOB, BOC, J 00= four rt. z s. 
.'. the © described on AB wi^ v'^ksa V.YvTOML%\i O. 




Fio. 263. 
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37. Produce BA to D. 
Then 

lBAA'^ lABC, (1.29.) 

= supplement of sum of z s JBJ.O, ACB, 

= supplement of twice l ACB, 

= supplement of twice i A'AE, (I. 29.) 

Now z AA'E = z A'BC, (I. 29.) 

= z^'^^, (III. 21.) 

.'. z -4-E4'= supplement of twice z A'AE ; 

and .'. 1^^ is a tangent to ©described about theLAEA', 




38. Let ABCD be the given square. 
Draw the diagonals intersecting in 0. 
Draw EOG, EOF \\ to AD and AB, 

Bisect zs ^OJB, BOF, FOC, etc., by 02, OK, OL, etc., as in the 
diagram. 
Then in as OBI, OBK, 
V L lOB = z ZO^, and z IBO = z JfiTJBO, 
and OB is common, 
.-. 01= OK. 
Also in AS O^iJ, OJB^J, 
•.• z ^0-R = z lOE, and z O^JS = z O^J, 
and 0^ is common, 
.-. OR=OL 
Hence 01, OK, OL, etc., are all equal. 
Also, since z lOK = z ^OX, 

.*. IK^KL, and similarly KL=LM, etc. 
Therefore a © described with centre Oand distance 01 will be the © 
reqd., for the arcs subtended by IK, KL, LM, etc., will all be equal. 



A 


R E 1 


Q 


\\ 


0, 


H 
P 


^^^^ 




'// 





N G M 

Fio, 265. 



B 
K 

r 

L 



39. Let FG produced meet AB in M, 

Bisect AB in C, and join CD, Bisect FG in 0, and join OD, OE. 
Then •.* zs ADB and AEB are rt. zs, (III. 31.) 

.-. zs FDG and FEG are rt. zs ; 

and .'. a circle can be described about DFEG ; 

and FG is a diameter of this® , and is its centre. 

.-. OD=OE, 
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Fio. 266. 




Fio. 267. 




Fio. 268. 




Again, since AE is± to FB^ and BD i&LtC^ 
AF, .-. FMia±toAB. (Ex. 19, p. 17a) 
Then som of zs MFA, DAM=& rt z ; 
and z ODF = i OFD = z MFA ; 
.-. sum of zs ODF, DAM^a rt z ; 
.-. z ODi^ = z D5^ = z Oi)5; 
.'. z ODC is a rt z, and .'. OD is a tangent 
to the © ADB. 
Similarly OF is a tangent to the ADB. 



40. Let Cbe the common centre, AB a tangent 
from any pt in outer Oce to the inner circle, 
DE, DF tangents to the s from any pt. D. 
Join BC, AC, DC, FC, EC 
f Then sum of sqq. on FC, DF^sq. on DC, 

=sum of sqq. on CE, ED : 
. \ difference of sqq. on DE, DF 

= difference of sqq. on FC, CE, 
= difference of sqq. on AC, CB, 
= sq. on AB. 



41. Sum of zs QPM, TQM=a rt z. 
Now z TQM = z T'TP=half a rt. z ; 
.-. z^I^Jf =half art z ; 
= z TQM, 
.'. rM=:QM, 

42. (1.) Let A and B be the given pts. 

Then AB is a common chord of all the 
circles. 

Join Oi, O2 the centres of any two of 
the 0S. 

Then Oi, Oj bisects AB at rt angles. 

.'. the locus is a straight line bisecting 
AB at right angles. 



KEY TO ELEMENTARY GEOMETRY. 8i 



(2.) Draw a diameter AB through the middle pt. 
of (jD any one of the chords, this will pass through 
the middle pt. of each of the other chords, and will 
be the locus required. 




Let AB^ J. C be the two given lines. 

I^w AP X to -40 and equal to the given 
»*• line. Draw FDE || to AQ^ meeting BA 
produced in B. 

^en the bisector of l BDE is clearly the 
locM required. E 




B 



Fio. 271. 



(4.) A line drawn ± to the given 
^e AB^ and passing through C the 
point of contact, will pass through 
^ centre of each circle, and will be 
the locus required. 




(5.) Let be the pt. through which all the chords 
pass. From Q the centre draw OP, OQ ± to any two 
of the chords. Join 00. 

Then a described on GO as diameter will pass 
through P and ft because the zs CTO^ CQO are 
rtzs. 

.*. this is the locus required. 

F 




"^\Q.^R^, 
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(6.) Let O be the centre 
given ©. 

Then the centres (as P, Q) of 
08 of given radius are equi 
from 0, and .'. the locus is a G 
centre is O and radius equal 
sum of the radius of the given 
the radius of any one of the ci 
given radius. 



(7.) Let AB, CD, EF be any nur 
equal chords. They are therefore al 
distant from the centre 0, that is, .Ls 
on AB, CD, EF are all equal 

.'. the locus is a ©, with centre cor 
with the centre of the original © , and 
ing all the chords. 




(8.) Let A be the given pt., anc 
centre of the given © . 

Draw AQCQ\ make Aq^i A 
Aq'^i AQ'y and take c the mid 

Then 
Ac^i {Aq + A^=^i (AQ + AQ^- 

Similarly, cq^i CQ. 

Draw AP to meet the © QPQ', a] 
Ap=i AP. 

Then *.• Ap^^ AP, and Ac=i . 
.*. cp is II to CP, and cp=J Cj 

Hence the locus of j? is a ©, 
centre is c, and radius one-half 
radius of the given © . 
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43. On the given base AB de- 
acribe a segment of a 0, ADB, 
capable of containing an angle equal 
to the given angle S ; this segment 
will be the locus of the vertex of pi 




l± 



Fio. 277. 



44. The locus is an equal circle, whose centre ift moved parallel to 
the giyen line through a distance equal to the length of the line. 



45. Let be the middle pt. of the ladder 
ijB, TiQ the vertical wall, EG the horizontal 
plane. 

Then, •/ l ACB is a rt z, a circle described 
with centre and distance OA will pass 
through G, 

.*. the locus is the quadrant of a dettcribed 
with centre G and distance OA, 




B 

Fio. 278. 



A 



46. This is the well-known theorem that the locus is the chord of 
contact of tangents drawn from A, 

Iiet FH be the chord of con- 
tact of tangents from ^. 

riom Of the centre, draw 
OPl to BGy and produce OP 
to meet HF produced in D. 

^ shall be the point of inter- 
sectionof tangents from BandO. 

Rr rect OAf, 0-4 =sq. on 
OFy since OFA is a rt. z. 

Also, since is DPA, DMA 
>ro It ^s, a can be described 




Fio. 279. 

,\ rect. OF, OD=rect. OM, OA, 

=sq. on OF, 
= sq. on OG; 
,'. L OGD is a rt. z, and GD touches the © at G. 
Similarly BD touches the at B. 



(III. 36.) 



\ 



84 KE Y TO ELEMENTAR Y GEOMETRY. 



47. Since l BCD = z CO A, 
.*. sum of zs COAf CDA =two rt. zs ; 
/. a circle may be described round DCOA ; 
and this will be of constant magnitude, 
because AC, a, line of constant magnitude, 
cuts off a segment containing a constant angle. 
.'. the constant line CD cuts off a eegment 
containing a constant smgle, 
*'w- 280. /. I COD is a constant angle, 

and .'. D moves along a st. line passing through 0. 





48. Since z ACB is constant, 

.*. z CPB, which is equal to half the supplement 
of z ACB, is constant ; 

.'. z APB is constant ; 

.*. the locus is the segment of a described on 
AB, capable of containing an angle = z APB, 



Fio. 28L 




49. Let be the centre of the 
CBED, and KO the diameter of © 
ABD. Then KB, KD are j. to OB, 
OD, and .'. are tangents to the 
CBED. 
Now 
z ABK = z ADKm same segment, 
and z ABK = z BDC in alternate segment, 
and z ADK = z J?(7i) in alternate segment, 
r, I BDC ^ I BCD; 

= z JKBD in the same segment ; 
.-. B^ is II to CD, 



^mmcc. 



Note.— In the diagram CD appears to pass through 0, but this is 
^denial, and is not material to the proof. 
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50. \j6iABGD be the O, AB being C 
fixed diameter of the © , and F the 
intersection of the diagonals. 

The angles at P are it. angles (III. 
31), and iP=P(7, and PP is common 
toAsiP£, CPP; 

/. AB^BG, 

.'. lies on a circle whose radius is 
i^, and whose diameter is %AB 

Similarly, D lies on the Oce of an equal . 




Fio. 283. 



51. Let AB be the fixed diagonal, 
and PQ the diagonal of constant 
length. 

let AT^ QB produced meet in R. 

Then the angles APB and PP© 
are constant. 

•*• ^8 BPB and PBQ are constant ; 

.'. their difference, i ABB, is con- 
stant; 

•'• -Rlies on the Oce of a passing 
through A and B. 

Similarly, 8, the pt. of intersection of AQ, FB, lies on the Oce of 
another circle. 




86 
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C and radius CB describe a . 
BD is .*. the required diameter. 



BOOK IV. 

Page z8o. 

Exercise. Let ^ be the give: 
pt. With centre A and radiu^^^ 
-45= the given distance, describe 
a 0. 

Produce AB to Z>, so that-* 
BB^'LA.B, 

Bisect BB in C, and with centre 
This will be the circle reqd., and 




Pia. 286. 



Page z8z. 

Exercise. Let ABC be an equilateral a, in- 
scribed in a , of which the centre is 0. 

Then '.• OA^OB, and BC=AC, and OC is 
common to the as AOC, BOC, 

.-. L OCA = z OCB, 

Similarly for the z s at ^ and B. 

Page 183. 

Exercise 1. For AD=AFj AO is common, and OD^OF; 

,\ L DAO = z FAO. 

Ex. 2. Let DEF be a inscribed in the right-angled aACB, which 
has z -4CB a rt. z, and let the touch the sides of the A in D, Ey F. 

C Draw the radii OD, OF ; these 

are || to CF, CD, because the 



JX' ^ 




zs at D, C, F sate all rt 
angles. 


xV°y 


\ 


Then 
.• AD^AE, and BE=BF, 
,\AC+CB'AB=DC-{-CF, 


E 


B 


=OD + OF, 


Pro. 287. 




= diameter of ©. 
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Ex.3. Let DJB^jPbe a © inscribed in 


A 


the equilateral A ABQ^ touching the 


/ 


\ 


sidesinJ), JF, jP. 


/ 


\ 


Then •.• l QBE = z OCE, (Ax. 7.) 


A 


A 


andzO^J5= lOEC, 


°/ 


\ 


and OE is common to as OBE^ OCE, 


/ 


\ 


.'. OB=^OG. 


/L^ 


\.i\ 


Similarly, O^-O-B-OC. / 


^ 


>A 


B 


t c 




Pio. 


288. 
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Ex. 4. Produce AB, AC, sides of the A ^50 

Bisect Z8 DEC, ECB by -BO, CO meeting in 0. 
Draw OM, 0^, OP ±s to BD, CE, BC. 

Then vz01^M=z 05P, 
and z 5AfOs= z -BPO, and OB is common, 
•• VO^MO, and similarly PO=NO. 
•'• a described with centre and radius PO 
wiU touch BD, BC, CE. 

Page Z85. 

ExBRdSE. About the© ^PCDde- 
fcribe the square EFGH, and draw 
its diagonals ^6^, HP, which intersect 
^ the centre. Then the four as 
^OB, EOF, FOG, QOHaie equal in 
^ respects, and it is manifest from 
EucL rV. 4, that if a © be inscribed 
^ each of the four as, the ®s so 
^«cribed will be equal, and will touch 
one another and the © ABCD. 



Page z86. 

EzsRCiSE 1. From Ex. 2 on p. 144, it is clear that the O must be 
a square or a rhombus, because in no other O ABCD is the sum of 
AB and CD equal to the sum of AD and BC, 




i 
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Ex. 2. Letu^jBOD beasquare inscribed in a 0. 
From P, any pt. in the Oce, draw FA, PB, 
PC, PD, Join ACy BD : these are diameters. 
Then sum of sqq. on PA, P(7=sq. on AG; 

(I. 47.) 
and sum of sqq. on PB, PD =sq. on BD. 

(I. 47.) 
.*. 8imi of sqq. on PA, PB, PC, PD= twice 
sq. on diameter. 




Fio. 291. 



Page 189. 

ExERCiSK. Since z BAC= l ACE, for they subtend equal arcs 

BC, AE, 

.*. BA is parallel to CE. 

Page 196. 

Miscellaneous Exercises on Bock IV. 

1. Let ABC be an equilateral A, and the 
centre of the © described about it. CD, AE, 
BF the ± s from the angular points on the 
opposite sides pass throu^ 0, and bisect the 
sides. 

Then in the right-angled As EOC, FOC, 
'.' FC^EC and DC is common, 

.-. OF==OE; and similarly OD=OF=OE. 

Pio. 292. 

2. Let ABCDEFGH be a r^ular octagon. 

Bisect the zs BAB, ABC by AO, BO^ meeting in 0, and join OH. 

Then, as in IV. 13, we can show that 
z AHO = z ABO ; 

.-. OH bisects z QHA, 
and, if we drawOAT, 0^ ±s to AH, AB, 
we can show that 0N= OM. 

Similarly, if ± s be drawn from to the 
other sides of the octagon, these will all be 
equaL 

.'. a © , described with centre and radius 
OM, will touch each side of the octagon. 





Fio. 293. 
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3. Since BD touches the © ACT) (see diagram to IV. 10), 
.*. L BDC = I CAD in alternate segment. 
Now z BCD = z CBD=2 l CAD ; 
.-. L BCD = I CBD^2l BDC; 
.*. BDC is the triangle required. 



4. Let ABCD be the given rectangle. a 

The diagonals are equal, and bisect each other 
iaO(I.34jEx. 1 and 2), and .'. a © described 
^th centre and radius OA will pass through q 
^,5, CD. 




Pio. 2W. 



^> Describe a © about the isosceles a ABCy 
whicli has z 5^0 double of each of the angles 
at the base. 

Then •.• l BAC^mm of zs ABC, ACB, 
.'. L BAC is a right angle ; 

and .\BQ]s tht diameter of the © described 
aljout A ABC, 




Fig. 296. 



^. Let ABC be an equilateral a de- 
scribed about the © DBF, touching the 

"^ at the points A ^, J^. 
Join BEy EF, FD, 

"^^'.'AD^AE, 

.-. L ADE = L AED, 

^ow z DAE^i of two rt. zs, 

.*. z ^D^ is J of two rt. z s, 

and 4D^ is an equilateral a. 

.-. D^ is II to JBO. 

AlsOj^Cisbiseccedin^, 

and .-. B0=2, DE, 




90 
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7. Let ABCD be a quadrilateral figure, whose diagonals intersect:^ 
in P, and let rect AP, PC=rect BP, PD. 

From M, N the middle pts. of AC, ED, draw OAf, ON ±to AC. - 
BD, meeting in 0. 

Join OA, OBy OP, OD. 
Then 
P rect. AP, PC with sq. on MP=8q. on AM ; 
ALr- — ' n ^^ l\\ and /. rect AP, PC with sqq on MP, OJf 

=sqq. on AM, OM; 
.*. rect. -4P, PC with sq. on OP =sq. on OA. 
r^ So also, 

-Q rect. BP, PD with sq. on OP =sq. on OB, 

Fio. 2OT. ,\OA = OB, 

Now OD=OB (I. 4), and similarly OA^OC, 
.'.a © described with centre and radius OA will pass through 
^, B, C, D. 




8. Let ABC be an equilateral A inscribed in a , of which is the 
centre. 

Produce AO to D, then -4X> is ± to JBC 
Then z OPD= J z ^PO- J of a rt. z ; 
.-. z POi>=twice z OBD ; 
.-. PO=twice OD. (Ex. 3, p. ii6.) 

Now 
)L sq. on AB=sq. on AO + sq. onPO + 2 rect -4 0,0D, 

(IL 12.) 
Fio. 298. = sq. on AO + sq. on AO + rect. AO, BO, 

= three times sq. on AO, 
And ^0 is equal to the side of the hexagon inscribed in the0. 




9. Let ABCD be the given rhombus. 

/^ f^ g Draw the diagonals AC, BD, and from O the 

point of intersection draw OAf, ON, OP, 0Q± to 
^^\ o/ / the sides. 

Then '.• z OAfP= z ONB, and z OPAf = z OBN, 
and OB is common to the As 0MB, ONB ; 
^ ^ .', OM^ON. 

Fio. 290. Similarly, OAf = 0<?= OP, 

,\ a ©described with centre and radius OAf will touch the sides. 
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10. Let be the centre of the © . 

Join AO, BO, and let MO cut AB in P, 

Then rt. i MAO^rt. l MBO, and MA^^MB, and AO=BO, 

.-. L AMO = z BMO. 

Hence BP^^AP, and the zs at P are rt. zs ; 

.'. COP ia a straight line, because the line M^ a 

drawn from an angular pt. of the equilateral 
A through the centre of the © described 
about the a bisects the opposite side at rt. 
angles. 

Next, 
since i MAB = i ABG^\ of two rt. zs, 
.*. z MBA = J^ of two rt. zs, 




Fio. 300. 



and .'. z u4MB= J of two rt. zs ; 

,\lAMD^ lACD; 

and z MAD = z ACD in alternate segment, 

.-. z 4MD = z Af^A and .% 4D= MD. 

And •.* z -4ArD = J^ of a rt. z, 

.-. zM4D=i of art z ; 
and .'. z D40=§ of a rt. z, 
= z ^OD ; 
.-. DA^DO; 
,\ MD=DO=Oa 



(Ax. 7.) 



11. Let Aj B, 0, D, -&, Pbe the angular 
pts. of the regular hexagon inscribed in 
the © . Then these are the pts. in which '^ 
the sides of the circumscribed hexagon 
touch the © . Take the centre. Then 
since the zs OAN, OBN are right zs, a 
circle can be described about ANBO, of 
which Oi\r is the diameter. E 

Bisect ON in P. 

Now AOB is an equilateral A, and ON 
bisects z AOB (L 8), and is x to AB, 




Q 
"^w. ^^\, 
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Hence PA =PB (I. 4), and i APO = z J5P0, 
and .-. I APQ = i BPQ, and each of these zs=2 z ^0P=§ of » ^^ 

.-. z P^C -i of a rt z = z P^O ; 
.'. iQAN=^^ of a rt. z. 
Hence, since P^^ is an equilateral t^j AQ bisects PN. 
Then area of external hexagon = 12 . A-40JV=6 . rect AQy O^^ 
and area of internal hexagon =12 . a^0Q=6 . rect. AQ^ O^ 

and .*., since 0^=1 0^, 
area of internal hexagon =| . area of external hexagon. 



12. Take J[P as the diameter of the semicircle, and bisect it iO- 
Take DJ&=5 PO, and on BE describe a rectangle D-&MR=sq,. 
BO. 

Take in BB the part DF=^BG, and draw FG \\ to DP. TJ^ 
DP(3fP=Jsq. onPC. 

Describe a square /Sf= rectangle DFGBy and in CPtake CH=sl 
of this square. 

P Q. 




s 
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Drawee J- to CP. 

Then sq. on 0Q=5 sq. on CPT, 
.*. sq. on Pr<?=4 sq. on CPT, 
.-. HQ = 2 CH. 
Take CN=-CH, and draw iSTPx to ^0. 

Then PN=QH, and .-. QP^NH. 
Then PNHQ is the square required. 



M 



(I. 47, 
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13. Let il, 1^, 0, 1), i;, i?' be the angukr 
pts. of a regular hexagon inscribed in the 
given © , whose centre is 0. 

Produce OB to M, so that DM=DO ; 
and produce OE to N, so that EN=EO, 

Jom 3f3r, bisect it in P, and join OP. 

Then since i EOD= J of two rt. zs, and 
ON^OM, ,\ ONM is an equilateral A, 
a^d /. OP is ± to JtfZ^. 

•'. circles described with centres AT, N^ 
*^d radius = DO, will touch each other at 
-P, and will touch the given © at D and E, 

Similarly, by producing OFy OA, OB, OC the four other ©s may 
^ described. 




Fkj. aox 



14. Let OM, ONf OP be the three perpendiculars, so placed that 
^MON is the supplement of one of the 
8iven angles, and z PON the supplement of 
Mother of the angles ; then i POM must be 
^he supplement of the third angle. 

^raw AC, CB, BA ± to OAf, OP, ON, 
Meeting in A, B, C. Then ABC is the trU C M 

*^gle required, because the zs at A, B, C ^'«- 304. 

^'^ ^nipplementary to zs MONy NOP, POM respectively. 




^S. Let AB, AC he the given lines. 

^iaect z BAC by AE, Draw AD ± to AB, 
^^ make AD = the given radius. 

I>raw IX) II to AB, and let it meet AE in 0, 
^<i draw OQ, OR ± to AB, AC 

Then '.• z 0^-4 = z OiLl, and z Q^O = z 22^40, 
^^ -40 is common ; 

.-. OB^OQ=AD. 

•*. a ® described with centre and radius 
^AD, will touch AB, AC in Q, B. 




¥ia. 305» 
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16. Let 0, be the centres of the two circles. 
Draw OF a tangent to the other ©, then since the ©s cut one an- 
other at rt. zs, P is a pt. in the Oce of the circle whose centre is 0. 

Draw 0(?, the other tangent, from 
to the larger © . 

Then since 00=2 . OF, and OFG 
is a right z, .*. OG is bisected by the 
smaller © in Ft, 

.'. 22 is the centre of a © passing 
^^ through CFOq, 

.-. RF-=BO-=OF, and .-. FBO is 
an equilateral A. 

.*. z FOB^^ of two rt. zs ; 
.-. z FOQ— J of four rt. zs ; 
Fro. 306. /S>. and z FCQ = J of two rt. z s ; 

.". FQ is the side of a regular hexagon in the larger circle, and FQ 
is the side of an equilateral A in the smaller circle. 

17. Let OF meet AC in T. 
The angles at Q and B being right 
zs, a © will circumscribe FQOB. 
.-. z OQB = z OFB = z 0T^= z BAC. 
Also, z QOJB = supplement of z JFOD, 
= z uiOJ5 ; 

.-. the third z 022^ = ^ ^BC ; 
.'. AS OQB, ABC are equiangular. 

Pio. 807. 

Page Z98. 

Senate-House Biders, 

1848. I. 34. Let ABCD be a £7, and let the diagonals intersect 
each other in E, 

Then A ^DO = half the EJ, 

= A DAB. 
Take from each A AEB, 
Then A DJS^O = A BE A. 
Similarly A AED = A BEC, 
Next, draw DF \\ to JS70 and CF \\ to ii?!), 
Fig. 808. and join EF, 
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ThenDP=^0=-K^, and EB is common to as TDE, ABE, and 

/. A 2>^P - A AED, 
But ADJ&P=half the O DECF = a ZiA^O. 

.\lBEG = A^^D = A^J^O = lBEA, 
The diagonal bisects the angles when all the sides are equal 



III. 15. Let -4B, CD be any two equal chords ^ 
in a circle. Then they are equidistant from the 
centre. Draw ±s OAf, OJV to AB, CD. Then a 
described with centre and distance OM will ^ 
touch each of the equal chords. 




in. 20. I AOC = twice i ADC ; 
L BOD = twice z ^^D ; 

. sum of 

^8 iOe,50i>= twice sum of zs J.DO, J5^i) 
=twice z AEC. 




^9. 1. 1. Let AB be the given line. 
*^ith centre -4 and distance AB describe 

* ®) and produce P^ to meet this © in D. 
*^ith centre ^ and distance BA describe 

* ®> and produce AB to meet this © in 0. 
^en with distance A and radius ^0 de- 

^^ a 0, and with distance B and radius 
^^ describe a ©, and from E, where these 
®8 intersect, draw the st. lines EA, EB. 
Then EAB is the A required. 




¥\Q.«W. 
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II, 11. Taking the diagram on p. 89, it is dear tluit 
(1.) recL DC, Ci:=8q. on J>K. 
(2.)rect.Z)f, Rl=sq. on ^iJ {since JI>-JB). 
(3.) rect. KG, OH=sq. on HK. 

(4.) BE is similar!; divided, but tlie proof depends (■ 
Book VI,, since if M be the pt. where BE cnl 
MK, AS BHM, BAE ate similar, and .-. AB aiw 
BE are similarlj divided in H and Jtf. 
IV. 4. For thia problem of the escribed circle see IV. 4, Ex. 4. 
1660. I. 34. See Exercises 6, 6, 2 on p. 59. 

II. 14. See Exercise 50 on p. 120. 
„, III. 31. Let ABCD be any rectangle in 

Bcribed in a ; then the di^^onals biaec 
each other in the centre 0. 

Draw the diameter NOM a. to BB ; the 
^2 NBMD is a square, and its area is=reet. JTC 
BD. Draw AP i. \a BD. 

Now area of rectangle ABCD=AP, SB 
and since .IF is less than AO, .dP is less tha 
NO, and .'. area of the square is greater tha 
area of the rectangle. 

III. 34. Consti-uct an equilateral A ABC, and draw AD x. to BC. 
Then i BAD=i of two rt. is. 

Draw HEO a tangent to tbe MEF. 
Make i FEff = t BAD. 




A 




Then z JfEO = J of two rt. ie, 
and i FEH=i of two rt. is ; 
n segment F2fE=Sve times i in segment FME. 
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IV. 10. If be ihe centre of the smaller , 

Nowz (Lii)= J of two rt. ^s ; 
.'. L COD=i of four rt zs. 
Hence CD, to which BD is equal, is tlie side ot 
a legolar pentagon inscribed in the smaller 0. 



1851. L 38. Let ABC, ABD be two equal L% upon the same base 
-^A and on opposite sides of it : join CD meeting AB in E, 

Ml^lABN = z ABD, and BN=BD, and join CN, AN, EX. 

Then A^-BiV = A ABD =» a ABC. 

Hence, by applying the Proposition as 1 

inl 39 and 40, we obtain that CN is || 
toBi. 

.*. A C^5 = A NEB, on same base, 

S3 A DEB, by the construc- 
tion of the figure. 

Hence as CEB, DEB must be on equal 
^ CE, DE. 
For, if not, let CE=EF. Fio. 315. 

Then a CEB = A-B^^ (I. 38), which is impossible ; 

/. CE=DE. 
I- 47. See Exercise 28 on p. 118. 

ill 22. From any angular pt. Ai draw Ai A^, Ai A^ to the third 
^%^ pt. on each side of Ai, cutting off quadrilaterals. Since the 
^'iJXiber of remaining sides between A^, A^ is even, a certain number 
., Quadrilaterals may be formed by 
Joinijig every second angular pt. fipom 
^« 'With Ai, and all these quadrilaterals 
*^ inscribed in the ©. 

^'uAiAtAt + L AJiJL^ = two rt. ^^ 
^gles, 

L AiA^s + ^ A^^i = two rt. 

i AyAtA, + L AjAfAi = two rt. 

I AiA^9 + L A^AyyAi = two rt. 
^^gles. 
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Adding, sum of alternate angles A^^ A^, ^«, etc. = twice as many 
rt angles as there are quadrilaterals =2 (r~ 1) rt. angles, the number 
of sides of the polygon being 2r. 

.'. sum of alt. angles + two rt. zs=as many rt. zs as there are sides. 

IV. 16. Describe a regular quindecagon in a ©. 
Each of its angles =}J of two rt. zs. (I. 32, CoE. 1.) 

Produce one of the sides ; then the angle between the produced 
part and the adjacent sides =^ of two rt. zs. 

Take a second angle four times as great as this angle, and there- 
fore = ^s of two rt. zs. 

Take a third angle = one of the angles of an equilateral A, and 
therefore =1*^^ of two rt. zs. 

Then describe a A with its angles equal to these angles, and then 
inscribe in the given © a triangle with its angles equal to the angles 
of this A. 

1852. I. 42. Let ABC be the given A. 
Bisect AB in D, and AC in E. 
Draw GDF making l GFC equal to one of the 
given angles. Through A draw OAH \\ to BC, 
and through E draw HEK \\ to GF. 

Then since A ADG = A BDF in all respects ; 
and A EB.A = A EKG in all respects ; 



B 



G 


A 


H 


D 


/\ 


E 


/ 




\ 


f 


1 


K 



Fig. 317. 

the lines DjP, EK divide the triangle in the required manner. 



II. 12. Let BC be the base, ABC one of the as. 

Draw AD x to BC, or BC produced. 

Then since (fig. 1) sq. on -4£=sqq. on AC^ -BO with twice rect 

BC, CD ; 

A 



Fig. 1. 




D B 

J^iu. 318. 




Fio. 2. 




.*. since dili'erence of sqq. on AB, AC is constant, and BC is constant, 

.*. CD is constant ; 
.*. the vertex lies in the line drawn from A A. to BC produced. 
Similarly (fig. 2), it may be shown that, in the case of z at being 
acute z, that the vertex lies in the x on BC from A, 
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We Lave taken AB greater thim AC, iind if we t^ikc AC greater 
than AB, we can show in the same way that tiie vertex lies in an- 
other fixed st. line. 

IV. a Let ABC, DBF be the as ; 
OyPtwo of the pts. of contact ; R, N, Q 
tihree ptB. of intersection of the sides. 
ThenDO=i I>^=i AC=AP, 
and NO^NPy 
Vi^.\AN=DN. 
Also, I ANB = z DNQ, 
and z NAB = z NDQ, 

.-. NB=NQ. (I. 26.) 
Similarly, the other sides of the hexagon 
JDay be proved to be equal 
^tnEDia\\toBC,iABN=iANB; p 

and .•. I NBB = z IJJVC ; Fio. 819. 

and the hexagon is equiangular ; but not otherwise. 

, 1853. I. B. Cor. Let ABC be an 
WMoeles A, having AB = AC. Draw 
^J>F, CLE as directed. 

^RieiiA^IK/ is evidently isoscelee. 
Also, 

^J>BB + I BDE + L BED^'two rt zs; 
^iDBE + 4 z CBD=two rt. zs ; 
and z BDE=2 z CBD ; 
\lBED=^2iCBD^ iBDE; 
•'• aBD^ [g isosceles ; and so is A CDF, 





Fio. 320. 



1-29. Let -4, D be the pts. and -BM the line, 
^w uia X to CB. 

za^^=Jofartz. 
za^ui=jofart z. 
^-^DEWtoBC. 
Mabz.EDJ'=|ofartz; 

.-. z OJ'^-J of a rt z ; 
.*. ^0.^ is an equilateral A. 




¥\o..'i'^LV, 
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Fio.S2a. 



IL 11. Since FA =AH, and AB=AD, and i FAB » i. DAH, 
.•.iAFB= i.AHD; 
.: L LSB = L AFB, and i LBB = i FBA, 
.: L BLH = L FAB=a rt. z. 
P Next, BB=BF, and .-. i BBF = z BJ-R 

.-. in light-aiigled He FLD, OLB, 
: i. FLD ^ /. OLB, and iDFL = lOBL, 
3 .-. i. FDL - i LOB ; 

.-. z EDO - i BOD, and .-. EO=ED-^£A, 
and.-. z^QD is art z. 
Again, since EB^EF, and EO=EA, 
.: OB^AF=AB. 
.: in as JOfl^, OiB, since z OJff = z LOB, 
and z ^Off = z OiB, and .^ff^ OB ; 
. . AO'=LO, and HO=LB. 
Ai30,D3-FB, and HO=LB, and .'. DO^FL. Complete the 
rectangles DLFM, DLRAS. 
Then rect. Di, iO-% BD-&g. rD=8q. on ZW. 

m. 3S. Let .i be the given pL, BCIt the circle, 

36 the given angle. Draw AB a tangent to the 

© at B, aaiToakei.ABC=» it. angle- A 

Then angle in segment BDO^& rt angle - $ ; 

and angle in e^ment BEC<= a rt angle + d ; 

.'. difference of the angles in the segments— 2A 

Then if in BCD a concentric be described 

bouching BC, and a tangent to tfae inner be 

drawn from A, the part of tbifi tangent intei- 

cept«d by © BCD will cut off Hie required 




III. 36. Let C be the given centre, and A 
the fixed point in the given line AP<j. 

Deschbe a semicircle on AC as diameter, 
and place in it J.Z>=Bide of given square. 

With centre G and radius CD describe a 
^rde cutting the given line in P, Q. This 
touches AD, because z ADCie a right angle. 
.-. rect. AF, AQ—eq. oa AD. 
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1854. L 43. Join DB, 
'^exxKC-KA 

=^{£^CKB-aAKD), 

^2{/^CNB+ £iNKB-£.AND + LDKN\ 



IL 11. Let AB be the given line. 
Bisect AB in D, and draw BC^AB, a 
^^-^ \xiAB, 
J<>iii J>Cy and produce AB to i^, so that 

Then rect. AFy FB with sq. on DB 

=sq. onD^, (11.6.) 

=8q. on DO, 
=sqq. on CB^ BD ; 
.-. rect. AF, ZB=sq. on CB, 

asq. on AB, 





. ^* 22. Let the ©s described about 
^^ -BCC meet in B. 
^^n z PiJ5= supplement of z PAB, 

= z I)^J5. 
-^d z C J2^ = supplement of z ©OB, 

= z jDOB. 
^ow sum of zs DAB, DOB =2 rt. zs ; 
•\ sum of zs PBB, QRB=2 rt. zs ; 
.*. PEQ is a straight line. 



IV. 10. Let PQ be the given st line. 
. . Msike L PQO = lBAD in the Proposi- 




and z QPO = z BAD, 

^ch of these zs is \ of two rt. zs ; 
.-. zPOC=f of two rt.zs; 



Fia. 327. 




Fig. 328. 

.*. z POQ 18 treble of each of the angles at tYift'Vwa^. 
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1855. I. 20. Let be the point 
Then sum of OAy OC is greater than AC; 
sum of OC^ OB is greater than BG ; 
sum of OB, OA is greater than BA ; 
.'. sum of OA, OB, OC is greater than half the 
xm o{ AB, BCy CA. 




B Pio. 829. 




FiQ. 330. 



I. 47. Let D^be drawn || to ^Cthe hypote- 
nuse of the right-angled A ABC. Join BEICD, 
Then sq. on DO=sum of sqq. on DA, AC, 
and sq. on BE=s\km of sqq. on BA, AE ; 
.*. sum of sqq. on DC, 50= sum of sqq. on 
BA,AC,DA,AE, 

=sum of sqq. on BC, DE. 

IL 9. See Exercise 41 on p. 119. 

IIL 27. Let BAC be any one of the as. 

Draw BDP, CDO ±sonAC, AB, 

Then since zs at 0, P are rt. zs, z BDC = z ODP, 

= supplement of z BA C, 
.'. z BDC is a constant z. 
.*. locus of D is the segment of a described 
on BC, capable of containing z BDC 
Also, the line bisecting z BDC must pass 
Fio. 331. through the centre of the described about A 

BDC, and similarly for the lines bisecting z BDC in other positions. 

IV. 4. Join DG, EG, and draw GK, GH x s to AD, AE, 

Let be the centre of the inscribed in 
A^-BO. 

Then *.' AE=AD, and AF is common, 
&ndiDAF=- LEAF, 

.-. GF bisects D^ at rt zs ; 
.-. GD=GE, and z GEF = z ^Dl^, 
.-. z G^D^ = z GtJS7^, and .'. GK=GH. 
Also, z EEG = z OD^, (IIL 32.) 

= I GEF; 
.-. GF^GH. 
Hence a described with centre G and 
Fio, 332. C distance GF ^nVW \«vMi\i \5afc «\dfta of A ADE, 
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1856. I. 34 Let ABCD be a rhombus, whose 
diameters A C, BD intersect in 0. Then zs at 
are rt zs. 

Then area of rhombus »rect. AG, BD, 

Now let A BCD be any O not a rhombus, D 
having its diagonals equal to the diagonals of 
the rhombus. 

Then, if AP be drawn j. to BD, 

area of O ABCD^rect. AP, BD ; 

and AP is less than AO, .'. area of the O is 
less than area of the rhombus. 




Fig. 333. 



II. 12. Sum of sqq. on AC, CD = twice sum 
of sqq. on CB, BA (p. 91, Ex.) ; 

.*. sum of sqq. on AB, CD = twice sum of sqq. 
on CB, BA ; 

.'. sq. on 0D= twice sq. on CB with sq. on 
BA. 




Fio. 334. 



IV. 15. Let ABC be an equilateral A inscribed in the © of which 
is the centre. 

Produce BO to meet the Oce in D, and join 
AD, DC. 

Then z ^OD=twice z OAB, 
= J of two rt. zs. 

.'.AD is the side of a regular hexagon in- 
scribed in the © ; -, 

and since A AOD is clearly equilateral, AL 
= radius of circle. 

Similarly, DC may be shown to be a side of hm. o^o. 

this hexagon. 

And if ^0, CO produced meet the Oce in E,F; CE, EB, BF, 
FA are sides of the hexagon. 

Also area of hexagon =: six times A AOD, 

=six times A A OB, 
= twice A ABC. 
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1857. I. 35. Sum of As EFCy EFD = lEDC 

sum of AS DFB, EFD = A DEB 
=\t.ABE^lt.ABC; 

.\t^EFC+ ADFB+2£^EFD=i£^ABC ; 
.\aAFE+ AAFD + 2AEFD=iAABC; 
.\t^ADE+2t^EFD=^\t^ABa 
AlsOyAADE^^it^ABC; 
.\ZAEFD^l£iABG; 
/.i^ADE^^lEFD, 





11. 13. Let ABC be the A, ^ the centre of 
the 0, which is of constant radius. 

Then since sum of sqq. on BA, -40=twice 
sum of sqq. on AE^ BE ; (p. 91, Ex.) 

.*. the sum of sqq. on BA, ^0 is a constant. 



FlO. 557 



III. 22. Let ABCD be the quadrilateral, 
and take E^ F, G, H pts. in the exterior 
segments. Complete the figure as in the 
diagram. 
O Then sum of zs AED, A HD— two rt. zs 

(III. 22.) 
and sum of zs DHCy Di^O= two rt. zs 
G (III 22.) 

and sum of zs GHB, CGB^two rt. zs 

(IIL 22.) 
.-. sum of zs AEDj AHB, DFG, 00-B=six rt. zs. 




IV. 4. Let ^BObe the A ; AD, BE, GF the xs ; 
di, dg the diameters of ©s inscribed in as ABD, ADC ; 
r/s, d^ the diameters of © s inscribed in as BECy BE A ; 
' ^'"» diameters of ©s \nacn\)edm t^a AC¥,BC1P, 



KE Y TO ELEMENTAR Y GEOMETR K 1 05 





Then by Ex. 2 on p. 183, 

BG-\'Ck-=CF + FB; B D 

.*. adding, we obtain Fio. 839. 

sum of diameters + twice sum of sides = twice sum of x s + sum of sides ; 
.*. sum of diameters + sum of sides = twice sum of ± s. 

1858. I. 28. The rider has been already explained on p. 47. 

II. 7. Let ^.B be the given line. D 
Draw BD ± to A Bt and equal to AB^ 
Jom AD. Produce-4^ toO, so that J.0=J.2>. 
Then sqq. on AC, BC=2 rect. AC, CB with sq. 

on AB ; 

.-.sqq. on AB, JBD,^0=2rect^O,OJ5withsq. on Bl); 

.-. sqq. on AB, BC'=2 red. AC, CB. 

III. 19. Let A be the centre of the given ©, J5 the given pt. in the 
st. line CD. q B 

Draw BE x to, CD, Join BA, 
and produce it to P so that rect. BA, 
^Pa=Bq. on radius of given ©. 

Then F is known, and it is a point 
in the Oce of the © which has to be 
described. Bisect BP in 0, and draw 
OC ± to BP, and meeting BE in Q, 
then Q will be the centre of the ® pass- 
ing through P and touching CD in B, 

Also, since rect. BA, AP =aq, on 
radius of original ©, the common chord of the two ©s will evidently 
pass through A, and the new © will therefore bisect the original © . 

1859. L 41. Let ^^OD be the given O. 
Take J&(7= one-third of BC, 

FC=one-th\id of DC, 
and join AE, AF, and draw EG \\ to AB. 
Then A ABE^iCJAE, 

^InJ ABCD; 
and similar]/ A ADF=i £J ABCD ; 
.: qnadnlateml AECF=^^CJ ABCD. 
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II. 13. See Exercise 10 on p. 94. 

ILL 31. Let ABC, ABE be the equal Ss. 
Dnw the chords ^B, ^D, at rt ^s to each other. 
Draw ^0.4 lYT passing through the centres O, F. 




Fig. so. 

Then zs ABQ^ ABE are rt zs, 
andzD.-iO + zB-4C=artz, 

-= L BCA + I BAC, 
.-. L DAO = L BCA, and .-. D^ is || to BC. 
Again, in A s EDA, ABC, 

'.' L EDA = z ABC, and z D^^ = z BCA, and ^^ =^C, 

and .-. DB is l| and=to AC (1. 33) ; .'. DB=OF. 



(in. 31.) 



IV. 4. Let ^0 be the base ; BAC the vertical z ; the centre of 
one of the escribed s, touching AC, and the other sides produced. 
Join OB, OC, and produce BC to T. 

Then OB, OCbisect zs ABC, ACT. 
Now z BOO = z OCT- z 050, 

^IlACT-\lABG 
=liBAC. 

The locus is therefore the s^ment 
of a passing through B and C, and 
having ^ z 5^0 as the angle in it. 
The angle subtended by BC at che 
centre of this being = z BAC, the 
centre must lie on the circumference 
of the circle described about BAC, and as BC is a chord, the centre 
must be at D, the point farthest from BC. 

Note. — If A move to the other side of BC, the conditions are 
difFereDt, and the locos will be the centi^ oi ^xvcAibsx <*^. 




Fic. 344. 
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1860. I. 36. Draw QP || to BJ>, 
Then '.• z MBD = l MCP, 
and I DMB = i PMC, 
and BM=-MC, /. CP^BD. 
Now A AMD = I. ADE ; 
iCEP=- iCPE,md.\CE^CP=BD B 




Fio. 345. 



II. 14. (1) Let AB be the sum of the sides. 
On ^^ describe a semicircle ADB, 
Draw ^ Cx to ^^ and equal to a side of the 
given square. 
Draw CD \\ to AB, and DEx to AB. 
Then rect. AE, EB^sq, on ED, 

=sq. on CA, 
and sum of AE, EB^AB. A 




E B 



(2) Let J.^ be the difference of the sides. 
On ^^ as diameter describe SkQAEBD. 
Draw AC± to AB and equal to a side of the 
given square. 
Draw CEOD through the centre. 
Then rect CD, CE=aq, on AC ; 
and difference of CD, CE^AB, 




Fio. 346. 



III. 36. Join AG, and produce it to meet DE in F. 
Then since rect. AC, AE=^vect. AB, AD, 
a © may be described about CBDE ; 
.-. z ABC = z AEF. 
Join CQ. Then •.' z ^JBO = z AQC, 

.\iAEF-= LAqC\ 

.'. a ©may be described about CEFQ ; 

.-. z CO^ + z QFE^two rt. zs ; 

and z QCa^ is a rt. z, since ^ § is a diameter ; 

.'. I QFE is &Tt.^. 




Fio. 347. 
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IV. 10. Take the diagram in Euclid I*™ 
10, and complete it as directed. 
Then z J.jKD= supplement of i ACDy 
= z BCD = z ABD ; 
.\lABE= iAEB= iABD= lAD]^ 
.-. third z JS7^D=third z BAD. 
Then z -B^i^ = 2 z £^i) = z ^^D; 
and z ^Bi^ = 2 z ^^D = z ^Z)5 ; 
.-. z ^i?^jB = z -B^D. 



1861. I. 32. Let EF be the given st. line. 
Draw FP \\ to CB, making an acute z with EF. 
Make z i^OB = z J7i?^P, CiV meeting ^B in N. 
BrgLW QNM \\ to EF. 
Then '.• z i^CM = z ^i^P = z J^MO, 

.-. CN=:NM 




C B M p 

Fio. 349. 

Also, z §Ojy= complement of z iVOM, 
= complement of z NMG, 

.-. QN:=NC^NM. 





II. 13. Sq. on PD=sqq. on BA,AD dimi- 
nished by 2 rect. J5-4, ^ J^ ; 
and sq. on J5D=sqq. on BA, AD diminished 
by 2 rect. ^D,^0; 

.-. 2 rect. BA, AE=^2 rect. AD, AC; 
.-. rect. BAy AE=vect. AD, AC. 



Fro, 350. 



KE Y TO ELEMENT A R Y GEOMETR Y. 1 09 



lit. 32. Let the tangents meet in T. 

lTFE^ lFCA, 

= supplement of l FBA^ 
= complement of l CBF, 
= complement of i CAF. 



(III. 22.) 




Fio. 851. 

iTEF^iEDA, (III. 22.) 

—complement of ( z EDB + i DAB), 
=complement of ( i EAB + l DAB), 
= complement of i DAF, 
= complement of i CAF^ 
.\lTFE^ iTEF; 
... TE=TF; 
^^ these tangents being equal, T must be on the common chord of 
"^8, ie, on AB produced. (See p. 171, Ex. 23.) 

-'^e proof is similar when FEA bisects the exterior angle between 
^4 and DA. 



IV. 4. The first part of this rider has been proved in Ex. 4 to IV. 4. 
Let the inscribed © touch BCin D, 
^d the escribed © touch BC in E. 

Then, from the properties of tan- 
fents, 

24J? + 2CD=sum of sides of A ; 
2AB + 2BE^BVLta of sides of A ; 
.*. CD^BE; 
.\ED-=^BD-BE, 
^BD-DC, 
^BF-CH, 
^AB-AO. 



B 




E D 

Fio. 852. 



\ 
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1862. L 4. Let P, 0, Q be the vertices of 
equilateral as. 
Then l PCQ = l PCD + i QCD, 
= z PCD + z PCB, 
= I BCD ; 
also PC^BC, and CQ=CD ; 

.-. PQ=DB. (I 

Again, z 0-BP = z OBA + z ^jBP, 

= z PJBO + z ^5P, 
= lABC; 
and OB=AB, and BP=BC\ 

.*. OP^AC. (I 



Fig. 353. 



XL 10. Let ^i^ be the given line. 

Take ^^, in AB prodnced, snch that sq. on AE=3 sq. on ^ 
cat off AC^ BE, 

Then CE=AB. 
Make CD^AC; then CP=Z) 
Now since ^D is bisected i 
and produced to E, 



C B 

Fio. 354. 



sum of sqq. on AE^ DE=tvnce sum of sqq. on AC, CE ; 

.'. 3 sq. on AB + sq, on CB=2 sq. on AC+ 2 sq. on AB ; 

.'. sq. on -4JB+sq. on CB=2 sq. on AC. 



XXL 28. Let ABC be the i 
position of the A^B(7when it 
been turned about A. 

liCt the two positions of the I 
produced intersect in D. Join^ 

Then 
z ^(71)8 supplement of i AC 
= supplement of i AC. 

.'. a circle can be described ab 
A CDC; and since chonLi 0= ch( 
AC, 

.-. z ADC^ L ADC. 
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IV. 10. In arc AED of the smaller 

Wiea i ^BI»=BuppIemeiit of i. ACD, 

= I BCD, 

= i. ABD ; 

, ■ ■ chord A D subtends equal sngles in the 

Circle ^ED and in the circle described 

.'. these s are equuL 




^^ ^®S3.i.47, DrawtlieJ.Bfrom-l,£,C' 
Q ^^X^tKiaite sidea meeting those sides in 

* ■in-'*'' ""ft'Y" 

* *»«!n sqq. on Bo, Aa, CP, B8, Ay, Cy, 

'^^(l.onAB,BC,CA, 
^ »qq. on Ca, Aa, Bff, Afi, By, Oy. 
g~ "^~**d taking away conimoD squares, 
- ^- OiiBa,CP,Jy=sqq. 0nCn,JftBy; ^_ 
=Z^^^^.(mB,a„Aa,;C^Bff,:A,y„Gy,^ 
^H^q. on C,aaAa,; AA,B^; fty,, Oy,; 

.-. iqq. on AB„ B(\ <7<l,=sqq. on AC^ BA^ CB,. 




tl. 11. Let .if be the line to be dirided. 1 

On J£ describe a aqoare .4 Bi>C, produce CA to Jf 

^ Uiat J£=the other given line. j 

Complete rectangle ABMB, and make rectangle 

^QKO-AEMB. lAlQKeaiABmH, 

Hien, taking away rectangle EH, 

AK^&B; 

or, teot AB, AH=nct. SB, AE ; 

.-. Hie the point required. 



K 
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III. 28. Solved before as Exercise 31, on p. 172. 



1864. I. 38. Let ABCD be the quadrilateral, having AB \\ to 
Join AC, BD, intersecting in ; bisect AB m E; join EO. 1 
EO produced shall pass through the middle pt. of DC. 

For, if not, let F be the middle pt of DC, such that EPF is j 
line, and join FO, 

ThenADu4^ = t^CAB, 

and A OAB is common, 
.•.aD-40 = aCBO. 
A1soaJE40 = a^jBO, 
andAl^DO = Al^CO; 
.-. figure 2)-4^0jP=figure CBEOJB 
.-. figure D^j&Oi^=half of figure AB 
ButLFEA = £^ FEB, sjid^ AFD = A BFC; 

.-. figure D^-E:PjP= figure CBEPF; 
.'. figure D-4^P1^= half of the figure ABCD, 

= figure DA EOF, which is absurd. 
Hence F is not the middle pt. of DC, 

Similarly, it may be shown that no point, except one in EO 
duced, is tiie middle pt. of DC. 




II. 14. Bisect the given st. line AB in F, and divide it in • 
that rect. AB, -8^= given rectilineal figure. (I. 46 and II. 

Take BD=PQ, and divide AD 

A C P p Q. B (if possible), so that rect. A C, GD=^^ 

j,jQ 3g^ rectilineal figure (II. 14) ; then C&i 

shall be the points of section require 
For rect. AC, OD=given figure=rect. AB, JBQ=rect AB, D. 
And sq. on -4D=sqq. on AC, CD with 2 rect. AC, CD, 

=sqq. on AC, CD with 2 rect. AB, DP, 
=sqq. on AC, CD with 4 rect. AP, DP ; 
also, sq. on AD =sqq. on AP, PD with 2 rect AP, DP, 

=sqq, on BP, PD with 2 rect AP, DP, 
=8q. on BD with 4 rect AP, DP ; (Eucl. IJ 
.'. sqq. on AC, CD=sq. on BD. 
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HL 36. Let (7 be the centre of the circle, A BCD the diameter. 
It is evident that P8, QRy intersect on some point in AD. 




Fig. 861. 



^PCA^^iPCR^iPQR; 

.'. POCQ can be circumscribed by a ; 
.'. rect AO, AC^recL AP, AQ^ 

»reot. AB^AD; 
.*. is a fixed point 



^^: U. Let Z, A, B,C . . . becon- 
^*ive angles of the %ure. 
^^ ZA, AB, BC, CD, AC, BD. 
^^^ since i ABC = i BCD, 
.'. arc -4 (7= arc BD ; 
^S taking away the common part BC, 
arc ^B^arc CD ; 
and /. side AB^ side CD. 
Similarly, Bide ^JB=aD=^i^=: . . . 
*^4=s50= . . . the number of sides 
^^g odd. So all the sides are equal 




1865. 1. 20. Let AB be the given line, 

i^ and Q the given points. Join PQ, and 

produce it to meet AB, or AB produced, 

in B. Then shall PQ be greater than the 

difference of any two lines drawn from P 

and Q to the same point in AB, as PD^ QD. 

For sum of PQ, QD is greater than PD; fiq. ses. 

.*. PQ is greater than the difference betweeii FD Mid. QD. 

H 
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II. 12. Draw AN x to, and .'. \s\^^^ 
ing, J?0. 

Then sq. on -4D=sqq. on -40, 
with 2 rect. CD, GN ; 

.'. rect. AD, AE with rect. AD, 
D =sqq. on AC, CD with 2 rect. 



C 

Pio. 364. 

.-. rect. AD, DE^sq. on CD with rect. CD, BC, 

=rect. JBD, CD. 




(II. 



III. 18. Let DC be X to -4 J? the line joining the centres A ani 
Draw DP, DQ, tangents to the ©s. Join AP, A D, BQ, BD. 
Then sq. on PD=sq. on -4D - sq. on -4P, 
sq. on QD=sq. on ^D-sq. on BQ ; 




.'. difference of sqq. on PD, ^2>= difference of sqq. on AD, B. 

with difference of sqq. on BQ, A P. 

Now difference of sqq. on AD, ^D= difference of sqq. on AC, B 

=a constant ; 
and difference of sqq. on BQ, AP=& constant ; 
.'. difference of sqq. on PD, QD is constaoit. 



lY. 5. Let ^^ be the given side. Then since the centre of tl*. 
circumscribed is fixed, the angle ^CB is of constant magnitude. 
C .'. sum of zs CAB, CBA is constant ; 

and, if be the centre of the inscribed 
z A OJ?=supplement of half the sum of zs CAB, CBA ; 
.'. z A OB is constant, and the locus of Is 
therefore a passing through A and B, 

A Fin. 366, 
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1866. I. 33. Let AB=CD, and z CAB = z EDO. 

Then since sides ABy EG in a AEC are equal to sides EC, CD in 
the other, and zs ACE, CED are both acute, ^ 
it may Be shown as in I. Prop. E, p. 43, 
that AC==EDj and z AEC = z ECD, and 
z^OB = z CED, and .'. ^BDCis aO. 

But if zs at A and D be acute, zs ACE, 
CED are not necessarily both acute or both q^ 
obtuse, and .'. I. Prop. £ will not apply. 




Pio. 367. 




II. 9. We have to prove that 
Ag + DE-=2{af+Cd), 
or, 2Ac + DE=^ af+ Cd, 
or, Ac+ L DEE = Leac+ 6. cCD, 
Draw ckK ± to ED, 
Thence- £^cCD+ lDEE 

=^Ac- LcCk+ lATcK, 
= A aKc, 
= Aeoc. 



III. 32. Let AT, AT be tangents to the 0s passing through 
AED, AEC. 

Then z TAD = z ^J^JD in alternate segment, 
and z TAC=' z ^^Oin alternate segment, 
.-. z TAT = z (LiD+ z AED+ z ^50, 
= z(LlD+ A CED. 
So angle between tangents to the s pass- 
ing through A CD, CED, 
= lACE+iADE, B 

=four rt. zs diminished by sum of zs CAD, CED. ^'o. 869. 
Hence the acute angles between them are the same in both cases. 

lY. 2. As the third side is at a given distance from the centre, it 
is of a given length, and therefore subtends a given angle at the 
circumference. On the line joining the two given points describe the 
segment of a circle capable of containing the given angle. The inter- 
section of this segment with the given circle will give the vertex of 
the triangle. 

Note. — There will generally be two solutions, or none at all ; but in the 
particular case when the segment touches t\ie dtde, oxX^ QTk& ^^;s^\<^\!u 
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Pio. S70 



1867. I. 16. Let CBE, ACD 
any two exterior zs of the A ABC, 

Then '.• i ACD ia greater tl 
z ABC, 

sum of zs ACDy CBE is great:::^^ 
than sum of zs CBE, ABC ; 

.*. sum of zs ACD, CBE is greati*— ' 
than two rt. zs. 



I. 43. The greatest value which each complement can have is on^^ 
fourth of the parallelogram, when AE=ED, 



II. 11. Solved before. See Riders in 1862. 




FiQ. 871 (1). 



III. 22. Let DB, EC be equal chords bisecting, 
two z s in the A ABC inscribed in a . 

Now I DCB = L EBC, subtended by eqm^ 
chords ; 

.•. sum of zs EDC, DCB=two rt. zs ; 
.-. ^Dis||toJBC7; 
.-. z DBC = z EDB, 
= z ECB ; 
and .-. z ABC=2 z DBC=^2 z ^OB ^ lACB - 



Next, if the bisectors be on opposite sides of the centre, 
z EBC = z BJIJD, subtended by equal chords. 
But z ^J?C = z ^^0 + z ^JB^, 
= z ^-BC + z ECA, 
= lABC + \lACB\ 
and z J?^D= z jB^O+ z CAD, 
= iBAC + iCBD, 
=^ iBAC -{-^lABC', 
.-. z J?^0 + i z ^^0= z ^BC+ i z ACB; 
.-. z B^O=i ( z ^BC+ z ^<75), 
Fio. 871 (2). ^^ ^.^ ^ B AC=tvo-thirda of a rt. z. 




f 
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186a L 41. Through^ draw iJQiS II to ^Af. 
Then A jB^D - l ODQ + a OQB, 

AndLPQD = aPDC - aQDC, 

.-. lBQD^ lPQD\ 
.\PB\a\\toQD, 




^I- 12. Sq. on ^C^sqq. on ^i>, i>a+ 2 rect. CD, DK. 

-^^d sqq. on AB, AC=^% sqq. on AD, DC, (11. 13, Ex.) 

.*. 2 sq. on ^(7=asqq. on AB, AC+ 2 rect. BC, DK ; 

.'. aq. on AC^'sq, on ^£+2 rect BC, DK ; 

and sq. on JB(7=8q. on J[jB + 2 rect. A (7, -K-L ; 

and sq. on jBO=asq. on AC- 2 rect il5, FM ; 




K D 
Fig. S73. 



' .*. 2 rect BC, DK=sq. on -40-sq. on AB ; 

2 rect. -45, -FAf =sq. on -40- sq. on BC ; 

2 rect. -4(7, J5i=sq. on J?C-sq. on AB; 

r. 2 rect BC, DK=^2 rect AB, FM+ 2 rect 40, EL ; 

.-. rect -BO, DK^iect A B, -PJf +rect 40, EL. 



III. 35. Let P be the point, the centre, -4 04' a diameter through 
P, NM the side of the given square, and describe a semicircle on 
NM, and place NO in it, NO being the side of a square =sq. on 
GA -sg. on OF. 
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With centre P and ndius Olf, describe a catting the original 



inQ. 





f^ Fio. 374. 

Then rect Bq, PQ=rect -KP, PQ + sq. on PQ, 

=rect ^P, P^' + sq. on PQ, 
=8q. on CA - sq. on C7P+ sq. on P^, 
=sq. on O-y+sq. on OJf, 
=8q. on 'NM, 
The limits are dedndble from the fact that OM must be greater 
than PJL and less than TA', 



IV. 4. Let be the centre of the © inscribed in A ABC ; then Oi, 
0^, 00 bisect the angles at A, B, 0. 

.'.lAOa^ /.OAC + I OCA, 

^iiBAC+iiACB; 
Q, and z P'O'O = z BBC, 

==iiABC; 
,\iAOC+ lBCO 

=i( L BAC+ L ACB+ L ABC), 
=art angle; 
.-. ^^'isxtoP'O'; 
.•. is the centre of xs oii^A'BfC 



1869. I. 40. Subtracting the sums of as 
AEB, BEC, and AFB, BFC from the whole 
lABC, 

lAEC-:-lAFC; 
,\EF\a\\ioAa 
If the points E, F, or either, lie on the 
opposite side of AB, the as AEB, AFB 
^are (both or one) negative, and similarly for 
the other Bidea oi l> ABC, 





Fio. 876. 
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II. 11. In the diagram of the Proposition 

EF-:-EB, and .'. EF is less than EA+AB; 

.'. AF is less than AB ; 

.*. AH is less than AB ; 

.*. jH lies between A and B. 

III. 33. Let ABC be the A inscribed in the © PQB. 
Let the segments APCy ABB, when folded meet in 0. 
Then i AOC = z in segment APCf 

= supplement of z ABC ; 
so z J. 0^= supplement of z ACB ; 
.'. L JB0(7= supplement of z BAG, 
= z in segment BQp ; 
so that when BQQ is folded it must pass 
through 0. 

Should one z be obtuse, the circumferences of 
two of the segments when produced will inter- 
sect on the third. 



IV. 11. Let be the centre of the regular 
pentagon ABCDE, 
Produce CB, EA to T, T. 
Then z TBA = z TAB^} of 4 rt. zs, 

^^AOB; 
.*. the circles all pass through 0. 



1870. L 26. Take in ^^ a part BN^BEy 

and .-. AN^EC. 
Then z JU^C + z AEB=-a. rt. z , 

= z ^^jB + z BAE ; 
.-. zJF'^C^zJ^^JSr. 
Also z ANE = z i^^^ + z JV^5, 
=f of art. z, 
= z ^OT. 
Now since z JFIETO = z J^^l JST, 
and z ^C^ = z ANE, and AN^EO, 
.\FE=AE. 




^ 
)^\^,'^%, 



" ZZC-MET^ti' 



-■\ 
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II. 9. By the Proposition 

sqq. on DE, EB^2 sqq. on DO, OE ; 
sqq. on AE, EG=2 sqq. on AF, EP, 
A 




Fig. 380. 

.*. sum of sqq. horn E to the angular pts., 
»2sq. on DO + 2 sq. on AF + 2 (sq. on 0^+sq. on EP\ 
2 sq. on DO + 2 sq. on ^P + 4 (sq. on ^JP+sq. on FF), 

(By Ex. on p. 91.) 
:2sq. onDO + 2sq.on^P + 4sq.on^l^+2sq.on^P + 2sq. on J'O, 
:2(sq. onJDO + sq. onPO) + 2(sq. on^P + sq. onPP) + 4sq.on^P, 
:sum of sqq. on FD, PP + sum of sqq. on FA, FG+4 sq. on EF, 
:8um of sqq. from F to the angular pts. + 4 sq. on EF. 




Fig. 381. 



III. 32. Let OP be the tangent 
at F, and BQ the tangent at Q, 

Then 
z OPA = z ABF, 

= complement of z FAB, 

= complement of z QCD, 

= z QDC, 

=-^BQF; 

.-. OP is II to P^. 



lY. 10. Each of the angles at the base of the triangle ABD in the 
diagram of the Proposition is f of two rt. angles. 

From the centre of the given circle draw five radii inclined to each 
other successively at angles =f of two rt angles. 

The tangents at the extremities of these radii will form the circum- 
scribing regular penta>gon. 
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1871. 


I. 38. i^CA'B^ t,AA'C+ lAA'F, 


V 






^£,AAV+^ABA\ 






C 




= A ABC, 




\\ /f 






hB€rA'= aABA'+ aAA'C, 




W // 






= A ABA' + A AAV, 




\y/ 






= A ABa 






V 






L ABC^ A BBC - A ABB, 






x 






= A BBC- A ABB, 
= A ABC. 






/\ 






B A' 


C 








Fig. ] 


)82. 





II. 10. Let AC he the given et. line. 

Produce it to ^B, so that CB^AC. 

Draw C^xto AB, and=J[0. 

Join AE, EB and produce AB to B, 
so that BD=EB, 

Then sq. on AD + sq. on BD—2 sq. on ^^ 
-40+2 sq. on CD. 

But sq. on J?D=sq. on EB. 

=2 sq. on AC. 

.*. sq. on -42) =2 sq. on CD. 




III. 32. Let ABCD be the quadrilateral. 

Let QT, QT be the tangents at Q. 

Them TQB^ I FCQ, 
= z DAB; 
.*. Qris||toPjD,andsoalso 
gr is II to CP. 

Again, let PIJ, PiJ' be 
the tangents at F. 

Then PR, FB are||to 
QD and QA respectively. 

.*. the new figure formed ^ 
is placed precisely similar 
with respect to QP as the old one (ABCD) is with respect to PQ, and 
the figures are equal in all respects ; and any line joining similar 
points with respect to the figures must bisect PQ, and .*. in particular 
the line joining the centres spoken of must \>\aect PQ. 




Fig. 884. 
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IV. 5. Let ABG be the A ; the centre of J. s. 
Then since zs at c and h ai*e rt. zs, 

.*. z c06 ia supplement of L cAb, 
.'. L BOC is supplement of z cAb. 
Let a be the middle, pt. of BC, and pi 
Oa to P, so that aP=aO. 
Then BOCP is a parallelogram, 
and z 5P0 = z £00, 

= supplement of z 

.*. P lies on the Oce of the © about 

and since is fixed, a must lie on the O 

of half the radius of the circums< 

ABCf being their centre of similitude. 




1872. I. 47. Draw AF, AQ ±b to EB, CD, 
Then since A s EABy CAD are equal, and their bases JSB, ( 
equal, 

.'. their altitudes AP, AQ are equal. 




Fig. 386. 



Again z AJSO = z JF^OO, and z BOA = z 00^, 

.-. z OPO = z 0^^=a rt. angle ; 

.*. PAQFiB a square ; 

and .\ ^F\>iBe<i\a l ElB. 
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III. 22. Through B draw RBB, meeting the ®8 in it, D. 
Then i P'DB^ supplement of L BAF, 

= L BAP, 
= iQ'AB; 
.-. PB-qB. 
8imiUrlj>, PB^=(iB. 
Also, I PBQ = L PAQ; 
= '■ ^-Ai^, 
= LFBq; 
and.-. i.PBP''~iqB<^. 
Hence in is PBP, §£§', ''"'■ *"" 

-.■ PB=qB, and P'B=CB, and l TBP- l QBQ, 
■ ■- PP'=<i<r. 

IV. 4. Let .i be the given angular point, E the centre of © iuBcribed 
Dtbe &. 

Join ^£ and produce it to cut the circamscribing © in C 
With D as centre, and BE as radiuii, describe a cutting the 
riven 3 in £ and C. 
Then shall ABC be the required a . j^ 

ForI>J bisected ^ B.iC, since DB=DC; 
.-. if EC bisects i ACB, .£ wiU be the centre 
•f the inscribed in & ABC. 
Now -: DOB = l DAB, 
=iiBAa 
Also in tlie isosceles A EDC, 
nm of £s DEC, £CD= supplement of i EDC, 
=■ supplement of l ABC, 
=Bumof ibBAC,ACB; 
.: J. EGB=\ sum of is BAC, ACB ; 
iaALDCB=\LBAC, 
.: i ECB^i i ACB. 
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BOOK VI. 




Page 24s 

Exercise 1. Since the altitudes of the L 
ADE, FCB are equal, 

.-. A ADE : A FBC=DE : BC, 



Ex. 2. Let P be a point in BD, a diagonal of the O ABCD^ and. 
join FA, FC. 

A__ __B Draw AM, CN±s to BD, 

~' pW Then / z ADM = z JVJ50, 

N/l / and z ^3fi> = z £JVO, and J.D=5a, 

M \ 1/ ,.AM=CN. 

Since then the altitudes of As AFD^ GFD on 
C the same base are equal, 
Fio. 390. .-. A ^PX) = A CPD ; 

and for the same reason A AFB = A CFB. 




Page 246. 

Q Exercise 1. Let AB, CD be any two straight lines 
cut by the parallels FQ, E8, BD. 
Draw AN || to CD, meeting BD in N, 

Then BR:EA=NO: OA, (vi 2.) 

IS and /. BR : NO=RA : 0^ ; (v. 16.) 

and, similarly, RF : OT=RA : OA ; 

B N D .'.BR:NO=RF: OT (v. 5.) 

Fio. 391. .-. JBJR : RF^NO : OT (v. 16.) 

-BS-.SQ. (]L34) 
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Ex. 2. Let JJ5 be II to CD. 

Draw J.0 II to J5D, cutting TQ in N. 

Then CP:FA = ON :NA, 



Ex. 3. Let AB, CD, EF, GH be 
four parallel straight lines. 
Then AE : EO=BF : FO ; 
r.AE:BF=EO:FO, 
^CO'.DO, 
= CG:DH. 




COD 
Fio. 892. 




Fig. 393. 



Ex. 4 Let ABGD be the quadrilateral ; M, N, 0, P the middle 

pts. of the sides. Join ^C A M B 

Thenv AM: MB=GN:NB; 
.\AGiB\\toMN; 
mdvAFiFD^COiOD; ?K ^^ ^N 

.-. ^C is II to PO. 
Hence FO is || to MN, and similarly, if PD 
be joined, we can show that FM is || to ON; 
.-. MFON is a O. 




Ex. 5. Let ABGD be a trapezium, having AD \\ to BG. 
Produce BA, GD to meet in E, 

Draw j^^ to the intersection of the diagonals, and let it meet 
the II sides in 0, M, 
Then •.• aBAG^aGDB, .-. aBNA = aDNG; 
also A BAN: A BNE=BA : BE, 

==GD:GE, 
= aDNG:aGNE; 
.-. lBNE^aGNE, 
Agaim,LEGN:AMGN=EN:NM, 

= aBNE:aBNM; 
,\aBNM = aMGN, and .-. BM^GM, 
Now PM : ME=AO : OE ; 
mdGM:ME=DO:OE; B 

.*. AO=DO, 




M 
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Page 248. 

g Exercise 1. Let ABCD be a O, and let be 
the pt. where the diagonals bisect each other. 
Then if OB bisects ABC, 

AB:BC=AO:OC; 
and /. AB=BC; but not otherwise. 



Ex. 2. Let BC be the given straight line. 
On BC describe the equilateral A BAG. 




B 



D E 
Fio. 397. 



Bisect I ABC and z ACB by st. lines, meet- 
ing in JFl 
Draw FD, FE \\ to ABy AC respectively. 
Then •.* i DFB = i FBA = l FBB ; 

.-. FB^BD, and similarly FE=EC. 
Now A FDE is equiangular to A J 5(7, and 
is therefore an equilateral A . 

.\DE-=^FD=FE; 
.-. BD = DE=CE, 




A F 

Fig. 398. 




JFio. S99. 



Ex. 3. Let ^^, DC be bisectors of zs BAC, 
BCA, and let them intersect in G, 
Join J5G^, and produce it to meet ACin F. 
Then shall BF bisect z J 50. 
¥otBC:CF==BG:GF, 
:=BA:AF; 
,'.BC:BA = CF:AF; 
and .-. ^5 bisects z ABC. 



Ex. 4. Since J5i^ : FA=BC : CA, 
/,BF:BF+FA=BC:BC+CA; 
.\BF:BA=BC:Biy. 
Similarly, BD : BC=BA : BF'. 
.-. rect. BFy JBiy^rect. BA, BC^ 

=rect BB.BF'; 
.\BF:BB^BF' '.BU', 
.-. i^D is II to F'U. 



KE Y TO ELEMENT A R Y GEO ME TR Y, 127 



Ex. 5. Let ABC be an isosceles A. Draw CD^ 
BE, biseddng the zs at the base. Join DE, 
T!hmAD:DB='AC:BC, D 

=AB : BC, 
=AE:EC; 
,\ DE is \\ to BC. 




Fio. 400. 




Page 2S0. 

ExsRciSE 1. If the angles at the base are equal, the bisector of the 
exterior angle at the vertex will be parallel to the base. (See p. 52, 
^- 2, and p. 345, Rider set in 1860.) 

^ 2. Draw BOP ± to CD, and make OP^OB, 
'^oin PA, cutting CD in D. Join p 

^^en AS DOP, DOB are equal in all 
"^^Pecjls; 

.-. GD bisects z PI>J5 ; 
.-. AD\DB^AC:CB. 

*^ 3. Divide BO in 0, so that 

BOiOC^BDiDC 
^^en V BO : OC=BA : AC ; 

.\iiO bisects z BAC ; 
**• 1OAC+ lCAD 

=^{lBAC^ iCAE), g 
=a right angle. 

-^x 4. Let AF, AD be the internal and external bisectors ; AP 
^^ perpendicular to AB, 

l^hen, by Ex. 3, l FAD is a rt. 

•'.a circle described on FD as 
^meter will pass through A ; 

and since z BAF = l ADF, BA B 
^ a tangent to this © ; Fw. 403. 

and AP being ± to ^J5 will be a radius of the © ; and .'. FP=DP, 




C 

Fio. 402. 




F C P 
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Page 252. 

Let BAG be a given z, and take AB : AC in the given ratio. 

Draw J5D II to ^0, and CD II to AB, and join AD. 
Then AD divides the z BAC as is required. 
Draw DE, DF j. to AB, AC, or these produced. 
Then as BED, CFD are similar ; 
and r, FD: ED=^DC : DB, 

^ABiACi 
and the perpendiculars drawn from any other pt. in 
AD will be in the same ratio. 





Fio. 405. 




Fio. 406. 



Page 254. 

Exercise 1. Since As ABD, ACE are equi- 
angular, 

.\ BA:AD=^CA:AE; 
.\BA:AC='AD:AE; 
.'.AS AED, ABC are equiangular, by the 
Q Proposition. 



Q Ex. 2. Let OA be the diameter through 0. 
Draw C-ZV J. to OA. 

Then the A s OP A and ONQ are similar ; 
.-. OP:OA^ON:OQ; 
IM .'. rect. OA, ON^rect OP, OQ, a constant; 
.'. ^is a fixed point ; 
and the locus of Q is a straight line 
through N perpendicular to ON, 



Miscellaneous Exercises on Propositions I. to VI. 

Page 255. 

1. Let ABC, DBC be the as. 
Join AD, and draw AP, DQ ± to BC, 
Let AD cut BC in N. 
Then ANP, DNQ are similar As ; 
. •. A ABC : A DBC^ AP : DQ, 

^AN\DN. 




Fio. 407. 
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2. On DC the radius of the © ABC, of 
which AC ia A diameter, describe the circle 
DEC. 

Draw BEC cutting the ©, whose diameter 
is DC, inE. A 

Then since z ABC^^a, rt z = z DEC ; 
.-. AS ABC, DEC are similar ; 
.\BE:EC=AD:DC, 
/. BE=EC 




Fio. 408. 



3. Since as AFG, CFD are similar, 
DF:FG=DC:AG, 
=BD : AG, 
^ED:GE; 
.'. DE : DF=GE : FG 




Fio. 409. 



4 Since BA : AC=^BD :DC; 
.BA-AC:BA + AC=BD-DC:BD + DC, 

=20D : 20B, 

= OD:OB. 




D 
Fio. 410. 



5. Let ABC be a triangle, AD the bisector of 
z BAC, BD, CE ±8 on AD from B and C. 
Then •.' as ABD, ACE axe similar, 
,\BD:AB=CE:AC; 
and .-. BD : CE=AB : AC. 
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6. Take A ADE £rom each of the equal as 
DAC, EA£. 

Then A DBE = A BCD ; 

.\DE\B\\toBG; 
,\BD:DA^CE:EA, 



Fio. 412. 



7. is the centre of the escrihed ©, touching the side BC. (See 
IV. 4, Ex. 4.) 

.-. AO will bisect z BAC ; 




Fig. 418. 



.\AD:AB=DO:OB; 
and OC:OE=^ AC :AE, 




Fia. 414. 



8. Since ^ and JF^ are the middle pts. of AB, AC, 
EFh&\\ioBC, 

Now A AEC^£^BEC; 
and aEBC== aFCB ; and taking A J50C from each, 

AEBG = £i.FCG. 
Hence A^^O- li^FCG = lBEC - z EBO ; 
C ,\^.AEGF = aBCG. 
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9. Through any point in BD, a diagonal of 

the CJABGB, draw FOE, meeting AB, CD in 

F, E. F,C_Q 

Then as BOF, DOE are similar. 

B 



.\BO:OD=FO:OE, 




Fia. 415. 



10. Since DF : FE=BD : CE, 

==DA:AE; 
.'.AFhisecUiBAC; 
.'. the locus of ^ is a straight line bisecting 
ABAa 




C E 



Fio. 416. 



Page 258. 

Exercise 1. Let AC he the given line. Draw 
AB making any angle with AC Make ^i>= seven 
times AB, 

Join CD, and draw BE \\ to CD. 

Then AE : AC=^AB : AD ; 

= 1:7. 




Pio. 417. 



Ex. 2. Let ^0 be the given line. 
Draw AB making any angle with AC. 
Make ^D=five times AB, and in BD take 
BE=AB. Join CD, and draw EF\\ to CD. 
Then J J' ; AC=^AE :AD; 

= 2:5. 




"^AQ.. ^^, 
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Pio. 419. 




Page 259. 

f4 Exercise 1. Let MN, OP be two lines in the 
given ratio. 

Let A£ be the given st. line. 
Draw AC=MN, making any z with AB. 
In ^0 take CD = OP. 

Join BD and draw CE, meeting AB produced 
in E, II to BD, 
Then AE : EB^AC : CD, 

=MN:OP, 

Ex. 2. Let BC be the given base. Describe on 
^ BC a segment of a © BAC, capable of containing 
the given vertical z. Bisect the remaining seg- 
ment BEC in E, Divide BC in D in the given 
ratio *of the sides. Join ED, and produce it to 
C meet the Oce in J.. Then BAC is the triangle 
required. 
For since arc BE ^aic CE, .*. z BAD = z CAD. 
,\BA:AC=BD:Da 




Page 261. 

^ Exercise. Since z DAB = z ACB, in alter- 
nate segment, and z ABD => z ABC, 
.*. AS PJ-D, J.£C/ are similar ; 
and .-. BD : DA=AB : AC 

Page 262. 



Exercise. Produce ABC to meet the Oce in 
E, and join EP, 
Then z APB = z J5^P in alternate segment ; 
P and since A BPE is right-angled at P, 

.-. lBPD^ iBEP; (VL12.) 
.-. z ^P^ = z DPP. 



Fio. 422. 
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Page 263. 

^^^BRcisE 1. Let AB be the given 

«t Jine. 

^ AB as diameter describe a . 
^w BC ± to AB and = ^A 
^w CDOE through the centre. 
^r^nce AB to F,ao that FB^CD. 
^en rect ^f*, f'jB-rect. EC, CD, ^ 

=sq. on BC, 
sssq. on ^£; 
'*- AB is a mean proportional be- 
tween AF and J'JS. 




Fio. 423. 



^^ 2. Let ABC be an isosceles a. 

^^w AD X to ^£, meeting BC (or ^C produced) in D. 
^^ to ^ the middle pt of BD. A 

Then •.* BAD is a rt z, .*. ^ is centre 
^^ ® described about A ABD, 

.-. I EAB = z ABE = z ^OB; 

.-. iAEB = iBAC\ 

and .-. GB : AB=AB : 5^. 



Draw 




Tu^ 3. Let DEF be an equilateral A described about the © ABC 

. ^*^ugh K the centre draw DOB, which bisects EF at rt ^s. Draw 

*^^ tangent LGM || to ^^ ; then X3f is ^ 

^^ side of a regular hexagon described 

J ^^ut the 0. Draw the radius KA meet- 

^^^DE'mA. 

Now A s DAK, DOL are similar ; 
.\DA:AK=DG:QL; 
.-. 2D A : 2AK=2DQ : 2GL. 
.*. observing that DG=^KG, which can 
Easily be shown by joining KL and KM, 
^d proving that DLKM is a rhombus, 
Vhose diagonals bisect each other, 

DE:OB=GB:LM, 




\ 
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Dcsir AI> a tjjuiggiit to Ae 3 , and join 






ExEscxaz 1. iSnee 



(1) €A'.BA^AI>iAB', 
(3) AD:^LB=rC^:£^ 



(V. 15.) 
(V.12.) 
(V. 15.) 




£±.2. Let O be the inteisectuxi of BO, he, 
TlieiiVAJ-BC= AJLir, 

/. BO:OC=0fc:06. 



Fio.427. 




F/0. 4m 



Ex. 3. Take AE a mean proportional 
between -40, 0J&. 
Join J?£, and draw OD || to EB, 
Then BE : DC^AE : AC, 
and BD : AB= EC : AE, 
But, by hypothesis, AE : AC^EC : ^^ ; 
,\BE:DC=BD:AB; 
and z^JBJ&= iBDC; 
.•.^ABE« fc.BCD. 
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Ex. 4. Since AB : JC-duplicate ratio of AB : AA' ; 
and AG : ^P-dupIioite ratio of AC : AM, 
or, AF : ^(7-daplickte ratio of AM : AC ; 
uhAkoci) AB-.AQ^AP -.AC, 




- ^fticaientio of AB '.Alf^ dwpHaaM ntioot AM -.AC ; 

.-.AB. AN- AM -.AC; 

and ^ At ^ is common to ttie Aa ^JVAf, ABC; 

■.LANM-tABC 



Pae;e36S. 

BiBRCiBB 1. Diaw CP ± to ^B, and £0^" ^ 
Then AS POD, C£P are Bimilar ; 
.-. CP:DC=OB:EF; 
.: rect OP, £P-rect. i)C, CJT ( 
.-. rect. CP, AB=Kct. DC, CE. 
Again, EF : CB=DE : OE ; 

.-. rect. EF, OE=KtA. CE, DE ; 

.-. rect. OE, AB^kiA. CE, DE. 

Adding (1) and (2) 

feet OB, AB+iect. CP, AB=?q. on CE ; 

■'■2areaofAJ£B+2areaofaJCB=sq. oni 

-'■ 2 aten of gusdrilstera) AEBC=ii^. on CE, 
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Fig. 431. 



Ex. 2. Let ABC be the a, AB and AE 
the lines drawn to meet ^Cand the described 
about ABG, 
Q Join BC, 

Then L AGE = l ADB, by hypothesis, 

and z ABD = z ^^0, in same segment, 

.*. A s ABD, ACE are similar ; 

.\AB:AD=AE:AC; 

.-. rect. AB, AC^rect AD, AE. 



Page 274. 



Miscellanecms Exercises, 



ExERCTSE 1. Let ABC, DEF be the given as. 
Produce EF to Q, making EQ=^BC. 




C E 




Draw QF \\ to FD, meeting ED 
produced in P. 
Join FF, 

Then it may be shown, as in Pro- 
position XIX., that A EPQ : a EDF 
Q = duplicate ratio of EQiEF; 
and, since A ABC = A EPQ^ 



Fig. 432. 

.-. A ABC : A DEF= duplicate ratio of BC : EF. 




C E 

Fig. 433. 




Ex. 2. A ^JSC: A D^2^= dupli- 
cate ratio of ^0: DP. 
Now AC : CB^DF : FE ; 
.\AC:DF=^DF:FE; 
.-. ^0:PF= duplicate ratio of 
^ACiDF; 

.\ A ^BC •. ^ DEF« AC ; PP. 
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Ex. 3. Let ABO be the given L . 
Constract a square EM^«\, on AB, 
Cut off the rectangle EF'^\ of this square. 
I^escnbe a square O— rectangle EF, 




E 

G 



M 



Fio. 434. 



Take in A.B a pt D, so that AD = a side of the square last described. 

^wZ)fl-||to-Ba 

Then A ijDjy : A -4-BC=sq. on AD : sq. on AB ; 



1 :3. 



^^.4. Since i>J&=i -BC, 

.-. quadrilateral DBCE=3 A ^D-E. 




j^^^. 5. Let be the centre of the © ABC, 
f^^ let ABC be an equilateral A. Draw 0D± 
^ ^0 ; draw the diameter BOP, and join AD, 
L ^ ; these are the sides of the square and the 
^>{agon. ^ 

"l^hen sq. on AD=2sq. on AO—2 sq. on AP ; 
and sq. on 5P=sq. on -4jB + sq. on AP, B 
or 4 sq. on J.P=sq. on -4jB + sq. on AP ; 
.'. sq. on AB=^3 sq. on AP. 
* ** sq. on AP : sq. on AD : sq. on AB= 1:2: 3. 




Fio. 436. 
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Ex. 6. A AQF : a AHE^FG : BE, 

=rect. FGy HE : sq. on HE; 
and A AHE : A ADB^sq, on HE : sq. on BD ; 
.-. A -4(?J^ : A ADB=Tect FG, HE : sq. on BB ; (Y. 21.) 
.-. A AGF : A BDC^ rect i?Y?, jBT^ : sq. on BD. (1.) 




Again, A CFG : A HEC=FG : HE, 

=sq. on J^G : rect. FG, HE; 
and A BDC : A CFG^sq. on 5i) : sq. on FG ; 
.-. A£jD0:AB^C=8q. on 5i) irect i^^G^, ffi^; (2.) 

.-. from (1.) and (2.) a HEC = a AGF. 



Ex. 7. Let ABC, DEF be two as having l ABC = z D^i?*. 
A Then %• 

D A ABC : A DEF= dupKcate ratio otAB :DE, 

and 
A ABC : A D^i'^ duplicate ratio of BCiEF, 
,\AB:DE=BC:EF; 
.-.A ABC is similar to a DEF. (VI. 6.) 




E 



Ex. 8. Let the as ABC, ADE have the angle 
at A common. 
Join DC. 
Then A ABC : A ADC^AB : AD, 

^AB.ACiAD.AC; 
and A ADC :aADE=AC : AE, 

^AD.AC-.AD.AE; 
FiQ. 439. .\ A ABC •. ^ AI)E« AB . AC \ AB . AE, 
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Fia. 440. 



Ex. 9. Produce AG to meet BZ pro- 
duced in D. 

Let be the centre of the © . 

Then •/ AY^ OC, BZ are three parallel 
lines, 

/. CT= OZ, since OA^OB; (VI. 2, Ex. 2.) 
and, since 00 is || to BD, and AO=OB, 

.-. Ac^na 

Hence a ACY = a DCZ, (I. 4.) 

and A ABC = a DBG ; (I. 4.) 

.•.aABO = aJBOZ + ADGZy 
= aBGZ-^aAGY, 



Ex. 10. Since z BGD = z O^D, the as BCD, 
GAD are similar ; 

.\AD:GD=GD:DB; 
.-. ^D : D^=duplicate ratio of GD : DB, 
= duplicate ratio of -4 : GB. 



Fia. 441. 

Ex. 11. Let m inhe the given ratio. 
Let ABG be the given a. 

Take any point ^ in J.O. Join BE, and make BE : ED=n : m. 
Join AD, DG. Then DBG is the A required. a 

For A AEB : a BEG= AE : EG, 
mdAAED:AGED=-AE:EG; 

,\aAEB iaBEG = aAED : a GED ; 

. •. A ABG \aBEC^a ADG : a GED ; 

.-. A-4^0; A JLi>0 = A^^O: A O^A 

^BE : ED, 





Fig. 442. 



Page 285. 

Exercise 1. Area of a ABG=^ rect. AD, BG, 
Now BG can never be greater than the diameter EA ; 

.*. rect. EA, AD cannot be less than rect. AD, BG; 
,\ rect. BA, AG cannot be less than iec\.. AD, BC \ 
. : rect BA, A C cannot be less tban. tmca oteai oi t^ ABV2.« 
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Ex. 2. The line joining OQf bisects AF the common chord of the 
08 at rt Z8. (See. p. 24, Ex. 8.) 

Also L AODy being half the l AOP^ is equal 
to I ABP] 

.'. AS ADD, ABM are similar ; 

and .-. rect OD, ^Jkf =rect. AD, BM. 

Similarly, rect. (/JD, ^If =rect AD, MC. 

.\ rect (X/y Alf =rect. AD, BC, 

=i rect AF, BC. 




Ex. 3. This LB precisely the same as Prop. B. 




Page 266. 

Exercise. Let ^jBC1> be a quadrilateral 

inscribed in a 0, and let the diagonals 

intersect at E, so that 

I AED = z BEC^l of a rt z. 

Draw AF, CQ ±s to BD, 

Then AE=2AF and EC=2CQ, 

(P. 1 16, Ex. 3.) 

Then area A^jBi)=>S rect. AFy BD^i rect. AE, BD, 

and area A £aD= J rect CQ, BD^i rect J^C, DB ; 

.-. area of ABCD=l rect -4C, -BD ; 
.'. 4 area of ^iJ5aD=rect AB, 01) + rect u41>, ^C. 



FiO. 444. 



Page 268. 

Exercise. Taking the diagram of the Proposition 
FC:GK=CK:KD, 
= CK:GF, 

=-KF : AG (by similar as FKC, AGF), 
=DG : AG, 
^GKiAF; 
and similarly ioi \ke otiiet vx)m^\«ai&T^\.. 
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Pftge api. 

- SzKHCiSE 1. Let ABODE be a regular pentagon. 
Join ACy BD meeting in P. 
Then since JIC is || to ED (TV. 11, Ex.), 
^Bl)]&\\ioAE, 

.'. APDE is a rhombns. B 

^ow A ABC is similar to a BPC ; 
.-. AC : CB^BC : CP ; 
BudCB^^AE^AP; 
.\AG\AP^AP:CP. 
SitJiilarly, BD : PD-^PD : BP, 




Fio. 44^. 



,J^K. 2. Take the diagram of IV. 10. 

"*^en BD^AC, and we have to show that BD is the side of a 
'^^J^ar decagon inscribed in © BDE, 
^^f)w this will be the case if z BAD= ,\j of four rt. zs ; 
^*Xd since z BAD^i of two rt z s, 
z BAD iss^ of four rt. zs. 



Miscellaneoits Exercises on Book VI, 



Page 393. 

• ^ X. Let 0, (y he the centres of the 
^^des, APQ one of the common tan- 

Then AO : A(y= OP '.(/Q, 

= 1:3; 
.-. Oa=20A ; 
.'. 0-4= diameter of smaller circle ; 
and A0^=^ 00'= diameter of larger 
^^le. 




Pio. 446. 
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2. Draw FE, ED, DF through A, B, 0, the angular poini 
lABC, and II to EG, CA, AB, 

Then \' ABCD is a O, 

.'. I EDO = I BAG. 
Similarly, z AEB = z AGE, 
and z AFG = z ^^C. 
Hence a DJ^J^ is similar to A -45(7, 
and •.• AF=BG, and AE^BG, 
.\AE=AF; 
and similarly, EE=BD, and FG=G1 
So also, if lines be drawn through 1), ^ 
to EF, FD, DE, a a will be formed simil 
EDF, and having its sides bisected in D, . 



3. Let ABG be an equilateral a, any pt. 
Draw AD, OP, OQ, OR±s to the opposite s 
Then A ABG : A AOB=-AD : OF ; 
£,ABG:aAOG=^AD:OQ; 
LABG:t.BOG^AD:ORi 
.'. A ABG : /^ AOB + aAOG+ aBOG 

=^AD:OP+OQ + 
.-. AD=-OP + OQ + OE, 

4. Let ca be the line || to GD, and let < 
be drawn || to AB. 

Then a/: AB=Da : AD, 
= Gc:GA, 
=ce :AB; 
.*. af—ce. 




Fto. 449. 




5. Let DGA be any chord drawn throug 
Then zs at and D are right zs ; 
.'.AS AGO, ADB are similar ; 
.\AG'.GD=AO:OB; 
.-. AG^GD, 



Fio. 450. 
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6. Let BQ be the given base. Describe on BC 
^e segment of a BAC capable of containing the 
Siven vertical z. Bisect the remaining segment 
m I. Take B'mBC such that BD'^^DC. Join 
•^i)and produce it to A. 

Then ^ 5AD = z CAD, and 

.\BA:AC=^BD:DC'^2:l. 




^- SmceJEFis||to^C, 

r.AEiUB^CFiFB] 

and /-^G is II to ^D, 

,\AE:EB=^DG:GB; 

.'. CF:FB=DG:GB; 

and .% FGf is II to CD. 




^- Let 0, P be the pts. in which AD, CF 

^^in AF, Da 

'•^ken •/ zs at P and are right zs, 
.-. z X(X> = z P^X> 

= z OCD, in same segment ; 
^ ^. AS £00, DOC are equal in all respects ; 

.'.LO^OD; 
and similarly for LE, LF, 




^. Since 1>^= i of -BO, 

.'.LADE^^^oitiABC', 
and A DOE^\ oiLBOC, 
Mso£^DOB = AEOa 

INTow aDOjB + aDOJF + a^OO + A^OO=fig. DBCE ; 
/. 2 A DO^ + 10 A i)OjE=f A ^50 ; 
.-. A DOB + 5 A DOE=i A ^jBO. 



(1.) 
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Again, aDOB + t.BOE =^ d.ABE - t^ADE, 

/. 2 A DOB + 2 A DOE=i A ABC. ( 
Hence from (1.) and (2.), 
£i.DOB+5/^DOE=2ADOB+2ADOE 
.'.ZHiDOE^^DOB; 
,\BO=ZOE. 
Similariy, CO^ZOD, 




Fig. 454. 



10. Since A^HO = A ATO t^AFC - A CHG, 
imd£.BCH ^ t^ABG - £^ABC - t.GHGy 
.-. t^FHG - t.BCH-=^tiAFG - lABG - t,AFC + a ABO; 
,\t^FHG - tiBCHitiADE 

^ t^AFG - tuABG " nAFC + t^ABCiLADl 




Fia 455. 

., by Ex. 8 on p. 274, a ZHG? - t^BCH :lADE 

=rect. AF, AG-tect, AB, AG-rect. AF, ^C+rect 

AB, ACirect. ADy Aa 
=rect. AD, -46? - rect. AD, AC : rect. AD, AE. 
=AG-AC:AE, 
= CG:AE, 
^AE'.AE'y 

,\d.FHG - t.BCH==t^ADE', 

.\£^FHG = ^BCH ^ t^ADE. 
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n. Seep. 251, Ex. 4. 



^t Let ABC, DEF be equal L& on equal bases, and between the 
«wne (Is ,iD, £ir 

^^MNOF\\UyBF. A 

"^dapHcate ratio of -42V : ^C, ^^ ^- ^^ ^^ 

^duplicate ratio of DF : DF, 

(VL 2, Ex. 1.) 
"^^DFOiaDEF; B~ C E 

.-. A AMN = A DFO. Fio. 450. 




^^ Bisect AD in T, and draw DEB to meet ^£ in 22. 
^eti since i ACD is a rt. ^i, 

T is the centre of the described about A ACD ; 

.-. TC= T^ ; 
.'. TC is tangent at C 




Pio. 467. 

^ence CK bisects BE. 

.'. i^F" produced passes tbiougVi K. 

K 
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14. Draw any radius OA of the smaller © . 

Produce it to B so that OB^^OA, 

Describe a semicircle on AB^ cutting the larger © in C 




E Fio. 458. 

Draw CAFE a chord of both circles. 
Join CB and draw OD ± to AF. 
Then •/ as AOD, ABC axe similar, 

/. CD=4DA ; and .'. CE=^F. 




15. Draw ^P j_ to BC. Bisect BP in 
G and CP in F. 

Then GF=^i BC. Draw GD, FE ±b 
to BCy to meet AB and AC in D, E. 
Join DE, cutting AB in 0. 
Then / ^0= J PC, .\ P0= J -4P ; 
.-. area of rect DEFG^xQci. DG, GF, 

=iTectAP,BCy 
= J area of a. 




16. Let the bisectors of A and 
meet in 0. 
Then DA lAB^DO: OB, 

=^DC:CB; 
/.DA:DC=AB:CB. 
Now bisect z ^DO by DP, meetin 
^0 in P, and join PB. 
Then DA :DC=AP: PC; 
.-. ^JB : CB^AP : PO ; 
.• . PB U^-fe^Ka L ABC, 
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17. Let ABCD be a quadrilateral described 
about a ©, and let AD be || to BC,md join 
^, i** the pts. of contact of AB^ DC. 

Then since AE : EB^DF : FC ; 
.•.-&Jf'is||to^i)and-Ba 

But tangents make equal is with the chord 
of contact; 

.*. ABy DC are equally inclined to EF ; B 
'• ABj DC are equally inclined to AD and BC, 




Fio. 461. 



la Let ABC^ DBC be as on the same base BC. 

Join AD, and produce it to meet BC produced in E. 

Draw^Jtf, DN ±Bio BE. 

Then as AMEy DNE are similar ; 

'AExDE^AM'.DNy 

—axe& ^ ABC : BiesL A DBC ; 
^ triangles having the same base, 
&Qd therefore their areas being pro- B m C N 
Portional to their altitudes. Pio. 462. 




>-v "*^*ien 



19. Let ABy AC he the tangents, and BC 
^« chord of contact. 

^w ODy OEy OF ±B from 0, any pt. on 
^e Oce, to BCy AC, AB. Join ED, FDy 
^0, CO. 

l^hen •.• the zs at D, E, F are rt. zs, DOFBy 

7 can have s described about tiiem. 
•\ z ODJ? = z OCE, and z O^D = z OFD. 
^ut z OCE =s z 05D in alternate segment ; 3 
••. z OD-E = z OJ^D, and similarly it may be 
^*^oi«rn that z OED = z OD^, 

.-. the AS ODE, OFD are similar ; 
.'.FO:OD--OD:OE; 
.'. sq. on OD^rect. FO, OE. 
(IMiDoweWB Mcerctses on Euclid, p. 98.) 




¥\Q. ^!^. 
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20. The two quadrilaterals JUADCj CABE are similar, for 

I EAD= L CAB, 

and z ADC = z ABE, and also 

EAiAD^CAiAB, 

and AD : DC=AB : BE ; 

and they have one side EC common, 

/. they are equal in all respects ; (VL 2 

.-. AD^AB, and AE-^AC, 

tmdAABC = aADE, md a ABE ^aACD. 




Fig. 4<ii. 



Also BE=CD, and z ^5^ = z ^DO, and z ^jBD = z -4i)£ ; 

.-. z D^l?^ = z JBDl?; and /. BF^DF, 
.-. EF^FC, and /. J^C is || to -BD, and the as CFE, BFD t 
similar. 




21. Let AB be the diameter, and draw A 
BD X s to the st. line CD, which meets 1 
Oce in jE; and 2^. Then shall CE=^FD. 

From the centre draw 00 ± to CF. 

Then CG : GD^AO :0B; (VI. 2, Ex. 
.'.CG^GD; 

and GE^'GF^ because 00 bisects ^^; 
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22. Let AB be the given chord. 

Take the centre of the 0, and place in 
Ae 9 a line CD having the given ratio U)AB, 
Bnw 0P± to CD, and draw OQ cutting AB 
«tit^8 and equal to OP. Through Q draw 
ti» choid EF II to AB. Then EF^CB, 
iMsg equally distant from the centre, and 
therefore £jP is in the required ratio to AB^ 
a&clit la II to ^^. 




Fio. 460. 



23. Since z EAC 



I AGB=% of a rt z, and l ACE is a rt. z , 
.-. I AEC=i of a rt. ii 
and/. AE=2AC; 
and 0^-2.00, 
md KO^AO^'Oa 
A 



(See p. 116, Ex. 3.) 




Pio. 467. 

^ow sq. on ITF^sq. on ^0 + sq. on 01^+2 rect. KO^ OF, 

=8q. on 00 + sq. on O-F+2 rect. CO, OF, 
=i sq. on CF+i^sq, on CF+4: sq. on GO, 
= J sq. on CF+ 1 sq. on CF+ ^ sq. on CF, 
=3 sq. on CF, 
= 3 aq. on EF; 
.'. sum of sqq. on KG, FG=3 sq. on EF. 



24. Let ABC be the a , having the rt. i at B. Draw CEi. to AG, 
Meeting AB produced in E, 
Make z EGD = z 0.45, and let CD meet ^ij; produced in D. 
Draw Di^)) to J'O, meeting AG produced in F. 
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E B 

Pig. 46a 



Then 

L FDC = L DCE = z CAB. 

.'.AS DCF, ACB are similar, 

and AS DAF, ACB are similar : 

r,FD:DA=BC:CA, 

a,nd DC :FD==CA:AB; 

A r.CDiDA^BCiAB, 



25. Take CD in AD equal to DB^ and take ^(J in AB produced a 
third proportional to J.0, DB. 
With centre Q and distance QD describe a semicircle DBF. 

Take any pt. jK in the Oce. 
Then AC : DB=DB : BQ ; 
,\AD iDB^DQ : BQ; (V.16.) 
,\AD:DQ=DB:BQ; 
'pvAQ:DQ=DQ:BQ;(yA6.: 
.\AQ:QR=QR:BQ. 
Hence ARQ, RQB are similar as ; (VI. 6. 




C D B 

Fio. 469. 



Q 



.\AR:RB=AQ:RQ; 
.-. AR : RB=AQ : Dft 

.-. DR bisects z ^JRjB ; 

and .*., since RF is ± to DR, 

AF:FB=AD:DB. 



26. Let G be the point of contact of the circles ABO^ DEQ, 
which ABy DE are parallel diameters, and 0, the centres. 

Then DC passes through G, 
Let OC meet ^J^ in F, 
Then as 0^41^, CEFare simih 
.-. .40: CjE?= 01^: 1?^C; 
.-. AO+CE: CE^OF+FC : -FC:^ 
.-. OC'.CE^OCiFC; 
.\FC^CE=CG; 
Fro. 470. .'• ^ and (? are coincident 
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27. Let 08 ABE^ CDE touch each other and also touch the st. 

Draw the diameters AB, CD, and join AD, BC ; these lines (as is 
proved in Ex. 26) pass through E, the point of contact of the © s. 

A C 




Fio. 47L 



Then i CAD = z ABE, in alternate segment ; 

.-. AS ABC, CAD are equiangular ; 
.\BA:AC--AC:CD. 



28. Let AEBy AFC be the circles ; 
-^ 3 P their centres. 

Draw the common diameter AOBPC. 
Draw AEF any chord of both circles, 
^^d join BE, CF. 

Then AEB and AFC are rt. angles ; p 
.-. ^^is||toi^C; 
.\FA:AE=CA:AB, 
=3:L 




29. Make i BCF = z BCD, Then P is the point required. 
For, since CB bisects z DCF, v^ p 

FB:BD=CP:CD; ^^ 

and, since AC bisects the external z of 
A PCD, 

.\FA:AD=CF:CD. 
Hence FA : AD^FB : £i) ; 
and .-. PA : PB=AD ; DB. 
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Pio. 47i. 



30. Let and i> be the 
centres of the ©s, AB a 
common tangent at A and B, 

Let CD and AB intersect 
in P. 

Then, since zs at ^ and B 
are rt zs, the AS AFC^ BFD 
are similar ; 

.\CP:FD=AC:BD 

=2AC:2BD. 

31. Let ABC be an equilateral a. 
Draw BE± to AB, AE± to -40, and BFy CD 
±s to AC, AB, and let CD produced meet AE 
inN. 
Then ENOB is a O, and .'. NO=EB, 
Now since OF is || to AN, 

NO:OC==AF:FC; 
and .*., since AF= FC, 
C NO=^OC ; and .*. EB= 00=radius of circum- 
scribing © . 

32. The parallelograms being equal to each other, the rectangles on 
the same bases and with the same altitudes are equal 

.*. the altitudes are inversely proportional to the bases, that is, to 
the diagonals of the parallelogram. 

33. Since a FAG : a FGD=AG : GD, 

SijidAEAG:AEGD=AG:GD ; 
.'.aEAG'.aFAG = aEGD iaFGD ; 





Fig. 476. 

,\aEAF:aFAG^aEFD:aFGD; 

,\aEAF:aEFD = aFAGiaFGD; 

,\ A EA F ; A EFD= AG ^GD, 



(V. 25.) 
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Hence AG : Oi>=rect. EA, FA : rect. ED, DF, (See p. 274, Ex.8.) 
Bat from similar as AFB, DFC, 

ABiCD^AFiFD; 
.-. rect EA, AB : rect. ED, DC^rect. EA, Jf': rect -ED, FD, 

^AG : GD. 

34. -Let AOB be the diameter of a , and the centre. 
Draw ADy BE tangents at A and B^ 

meeting a tangent at any pt. C in 2> and E. 0^ 

Then as COE, BEG are equal. ^- 

Since z EGG = l GBE=fi rt. angle, and 
OB=GC; 

.'. L GGE = L EGB. A1 

So also z GGJ) = l DGA. 

Hence ii 2)0.E is a rt. angle ; 

and •.• in the right-angled a DOJ^, GG is 
imm d. to DE, Fio. 477. 

/.DG:CG=-GG:GE. 

35. Let ABC be the A, and draw AD, 
0^,making i DAG = i ABG, 

and z EGA = z ^LBO. 
Then as ADG, BAG are similar, 
and AS AEG, BAG are similar ; 
.'.AS ADGf AEG&re similar ; 

.\AD:AG=AG:GE; 
.-. rect AD, (7^=sq. on AG. 

Pio. 478. 

36. Let ABGD be the given parallelogram, EF the given altitude. 
Draw EH, FG ±s to EF. 

Make z C/PO = z JDO, being a pt. in EH. 
A B 




E 



H 



Q Q Fio. 479. F 

Take FF a fourth proportional to GF, AD, DC. 

Draw FQ\\io GF. 

Then ^7 OFFQ^CJ ABCD ; 

/. 6>ZP^ is the O requixed. 



<^\,\\^ 
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37. Let AR be the line dnwn from J, 
the point of contact, throngh the centres of 

From P and Q draw PHh, g.fiCx8lo 
AR. 

Then AB : A£-AB : AP ; (VI. 12.) 
.-. AB : ^lP=dnplic8te ratio of JB : AB. 

Similtu'ly, AQ :AR=dapUcato ratio of 
AC-.AR; 

.: AQ : .iP-duplicat* ratio oiAC:AB; 

so also, AQ:AP =diipUaite nttio of ^£: .^.D; 

.-. AC:AB=AE:AD. 



38. Let vlBbe the base, and 
E the point in which the line 
bisecting the exterior angle 
meets the base. 

mride ^£ in D, BO that 
AD:DB=A£:B£; then H 
\ is the point in which the line 
E bisecting the interior Tertica 
Pro. 4st. angle meets the base, and is a 

fixed point. 
Also, if P be the vertex, i. DPB=i l JPB, and l EPB=i l BPF; 
.: L DPE=i L APB-v^L BPP=art. angle ; 
.'. locus of P is the circle on liE as diameter. 





39. Let ^BObe the preni. 
Draw AB \\ to BG. Divide ACmEm thf 
AC : CE in the ^ven ratio. 
Join B^and produce it to meet AD in O. 
Then a s AEG, BEG are siniilar ; 
.\EO:BE^EA:CE; 
.:Ba:BE=AG:GE; (V. 16 
,■, BO ■. BB=t,\ie ©.Tea rotio. 
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40. Since a s ABD, ACD are similar, and z at D is common to 
both, 

.-. I ACD = L BAD ; 
and z DAC = z ABC ; 
Hence AD : CD=^BD : AD ; 
/. sq. on -4D=rect. CD, BD 
.'. DA touches the © described 
aboat A JJBG, 




Fio. 483. 



41. Let T be any pt. in the line through P± to AB, 
PR, PQ the equal tangents from P, 
T8y TV the tangents from T. 




Fio. 484. 



Then sqq. on TS, AS, BD=sqq. on TA, BD, 

= 8qq. on TP, AP, BD, 
= sqq. on TP, AH, RP, BD, 
=sqq. on TP, AC, PQ, BQ, 
=sqq. on TP, AC, BP, 
=sqq. on BT, AC, 
=sqq. on BV, TV, AC ; 
.'. sq. on T/8f=sq. on TV. 



1 
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42. Let ABC be the triangle, OF, OQ, OB the three lines. 

Describe on AB a segment of containing i QOPy 
on AG „ „ I FOB, 

on BC ^ ^ lQOK 



n 



n 




Pia 485. 



These will intersect in one pt F, since the sum of the three zs Ls 
four right zs. Then take Oa, Ofi, Oy equal to AF^ BF, OF respec- 
tively, and A aPy is not only similar but equal to a ABC, and any 
number of similar as may be formed by starting at any point in OF 
and drawing straight lines || to ay, y/3, /3a. 



43. Let BE, BF, the ±s on AD, AB, or these produced, meet 
in 0. Join OA, and produce it to meet BD in G, 

Then shall 0(? be ± to BD, 
For, if FE be joined, since a can be 
described about OFAE, the angles at E 
fi and F being right zs, 

I FOG = z FED in the same segment. 

And since a0 can be described about DFEB, 

L FED = L FBD in the same segment ; 

.-. lFOG-= lFBD\ 

and L OAF = l BAG ; 

.-. z^OJB= z02^J=a right z. 




Fio. 486. 



44. Let A BCD be a quadrilateral inscribed in a ; join ^0, BD. 
Make z ABF = z DBC, then z ABD = z EBC, and .*. AD^FC, 
Then since z ^DJ5 = z J^CB in same segment, the as ABD, EBC 
are similar ; 

/. rect. BD, BE=Tect. AB, BC. 
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Again, l ECF = l ABF = i DEC; and l EFC = l CDB ; 

.*. A s JSCF, BDC are similar ; 
and /. rect FE, BD^rect t% Ci>=rect. AD, CD. 
Hence rect. BF, BD = rect. AB, BC+ rect. AD, <'D. 
Similarly, by taking z BW = z .-1 fD, 
we may show that rect. CG, 0-4= rect. 
^-B, ^D + rect. CB,CB. 
And since i BCG = i ACD, 

.•. arc -BGf=arc ^D^arc FC; 

.'. &TC BAF=^8nc GFC ; 

.\BF=^GC; 

.*. rect. CG, CA = rect BF, CA. 

Then ^0 : ^2> = rect ^C, 51^ : rect g^ ^— — f 

-BD, J5f; Fio. 4h7. 

-rect AB, ^D + rect CB, CI): rect, AB, BC+ rect. AD, CD. 




45. Let ABC be the a, and BDEC the 
square. 
Let AD^ AE cut the base in P, Q. 
Draw AF Lio BC. Then PF=QF. 
Now, by similar AS ^Pl^, DPB, 
PP : PB^AF : PD, 
=^P:PO; 
.\PF:AF=-PB:BC\ 
.'.2PF:2AF^PB:BC; 
.\PQi%AF^PB\BC\ 
.\ PQ : PB='2AF : BC. 




Fig. 488. 



46. Since rect DA, BE = sq. 
on AC^ 

.\DA:AC'='AC:BE, 
= CB:BE; 
and z DAC = z CP^ ; 
.'. A X)J.O is similar to a CBE. 

(VL 6.) 
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47. Bisect the zs at B and A bj st. lines meeting in O, and let 
BO meet ^0 in 6. Then z hBA^\ z CBA = z BAG ; and ^=^6 ; 
and similarly, Cki=Aa. 

Now since AO bisects z J5^46, 

.-. BA:BO==Ab:Ob; 
and .-. ^^ - J50 : BO=BO : Ob. (1.) 

Again, *.• CO bisects z BC^, 

.\BC:BO-=Cb:Oby 

=AB-Bb:Ob; 
. •. BC+BO : BO^AB-BO: Ob. (2.) 

From (1.) and (2.), 

.-. BC+ BA : JB^ - BO=AB . BO ; 
.'. BC+BA : AB^BA-BOiBO ; 
. . BC + 2AB:AB^AB : JBO ; 
i.e. perimeter : side = side : distance of cent, of inscr. ©firom B. 





48. Let D be the centre of the © escribed to 
ABCy which touches BC externally. Then AOB 
is a straight line, because AD, AO both bisect the 
angle BAC ; also, OB, OC bisect the interior angles 
C at B and ; and BD, CD bisect the exterior angles 
at B and C ; therefore OBD, OCD are right zs. 

.'. AO passes through the centre of the © de- 
scribed about BOCD. 

{Solutions of Senate-House Problems for 1878.) 




0- 



49. Let ABC be the a. Take 
DE a third proportional to AB, 
BC. Divide AB m G so that 
AG :GB ^ AB : DE, and draw 
GH\\\ioBC 

Then AG : GB = duplicate ratio of 
AB:BC\ 



C 
Fig. 492. 

.'.AG: G^jB= duplicate ratio of AG.GH; 
.-. ^G:GH=GH;aB. 
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50. Let ABC be an equilateral a inscribed in a © . 
Take D, E the middle pts. of arcs ADB, AEG. 
Let BE cut AB, AG in the pts. P, Q. 
Join DG, AE, DB. A 

Then •.* z GDE = z D0J5, subtended by an 
equal arc, 

.-.D^ is II to BO. 
Then •.' z DPB = z APE, 
and z DBP = z ^^P, 
and DB=^AE, subtended by an equal arc ; 

.-. DP^PA, and similarly EQ = QA. 
Hence, since APQ is an equilateral a, 
PQ=DP=QE. 




Fig. 493. 



51. z^OD=| of a right z; 

.-. z GAD = z CD^ = J of a right z ; 
,*. z P^D is a right z . 
Also, z AGE= J of a right z ; 

.-. z^^O=iof aright z ; 

.*. AE=AG ; and z D^^ is a right z ; 

.*. P^J^ is a straight line, and BE=^BD ; 

.*. PPD is an equilateral a, and .\ EG=DA. 

Then rect. D^, OP 

=sq. on GEy 

=sq. on PP -sq. on PO, 

= 3 sq. onPO, 

=2 rect. PQ PO+sq. on BG, 

=2 rect. AGyAG+ sq. on PC, 

=rect. PP, J^O+sq. on P(7. 




52. Since GE:EA=BE:ED, 

,\ rect. CP, PP = rect. P^, PP ; 
.'.a © described round a BGD will 
through J.. 

For, if not, let it cut AB in M. 
Then rect. GE, PP=rect. PP, PAf, 
.'. JEJM^EA, which is absurd. 



pass 




'ew. ^^\>. 
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53. Let ABC be the a , and AE the tangent 
at A. 
Draw BD \\ to AE. 
Now z EAB = z 50X>, 

and z ^J^j5 = z BBC ; 
C ..AS ^-EB, DOB are similar ; 

.\ AE : AB=CB : CD. 
Also AC:AE=DC:DB (by similar as 
.ICjET, DOB), 

,\AC:AB=CB: DB, (V. 21.) 




Fici. 490. 




D C 



54. Let ^50 be the a , DFa. to AC 
Then z BJ^'JE? = z ECD ; 

.'.as ^DJ?*, J^DO are similar ; 
.\DF:DA = DC:DE. 
But DA:DG=DG:DC; (VL 13.) 

.-. DP : DG=DG : jD^. (V. 21.) 



Pio. 497. 




55. By VI. C, 

rect. BK, diameter =rect. AB, BC; 

rect. DL, diameter = rect AD, DC; 

.'.BK: DjL=rect. AB, BC : rect. AD, DC. 



Fio. 498. 




56. Let ABC be the a , and DBFE the rectangle. 

Draw FG ± to AC. 
Then by similar ab ADE, EGF, 
AD:AE=EG:EF; 
.-. rect. AD, EF^rect AE, EG, (1.) 
and, by similar . a s ADE, FGC, 

DE:AE==GG:FG; 
.'. rect. DE, FC=Tect. AE, GC (2.) 
Fig. 499. Hence from (1.) and (2.), observing that 

BD^EF, and BF=DE, 

rect. AD, D.B + rect. BF, FC^tect. AE, EC. 
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57. Let OAB be an isosoeles a , and let the 
dicle cat the base in 0, D, and the sides in Fy E, 

Then •/ OE : OB^OF : OA ; 
.'. J^^ Ib II to AB. 
Hence if C!^ be joined, i FEC » z ECD ; 
and .*. arc FC=&tc ED ; 

.-. I FOC = I DOE ; , 

and OA^OB, OC^OD, and /. AC^DB. (L 4.) ^ ^ Pia 600. 

58. Let AC he the diameter through A^ 
and let MP be drawn ± to AC produced. 

Then the a s ABCj APM are similar ; 

/.ABiAC^APiAM; 

.-. rect AB^ AM^TecL AC, AP ; 

.*. rect. AC, AP is constant ; 

.*. P is a fixed point ; 

and the locus of AT is a straight line 

through P ± to AP. 

59. Li the A ABClet ABhe greater than AC. 
Draw BE, CF ± son AC, AB. 
Then v as ABE, ACFaie similar ; 

.'.AB:BE--AC:CF; 

,'.AB:AB-BE=AC:AC-CF; 

.'.ABiAC-'AB-BEiAC-CF; 

.\ AB -P^ is greater than ^0-CF; 

.-. AB+CFiB greater than AC+ BE. 

60. Let Ap, Aq, the x s from A on the external bisectors of the zs 
at B and C, meet BC produced in P and Q. 

The A s ABp, PBp are evidently equal, 

.-. PB=AB, and similarly, CQ^AC. 

A 




Fio. 501. 




Fio. 502. 




B Fio. 503. C 

.'. PQ=the perimeter of a ABC ; 

and as p and g are the middle points of AP, AQ ; 

• '• M=half the perimeter of a ABC. 

I* 
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61. Let J^, B be fixed points on a 0, and P a movable pt. ; also 
let j? be the centre of ± s of a APB. 

Let Pj9 produced meet AB in c, and the in a. 
Then z J[pB= supplement of l AFBj 

= lAoB. 
.*. if A JloB be turned round AB^ a will coincide 

with2> ; 

.'. ca=cp. 
. •. Pp = cP — ca = twice the distance of the centre 
of the from AB. 
Hence Pp is constant for different positions of P, and being drawn 
in a constant direction, the a s PQB^ pgr must be equal, similar, and 
similarly placed, as one will coincide with the other when moved || to 
itself through a constant distance. 





62. The AS AFF^ ABD are similar ; 

.\AF:FF=AB:BD; 

.'. rect. AF, 52>=rect. PP, AB. 

Similarly, rect. AF, 0D= rect. EF, AC. 

.'.rect. AF,BC=Tect.FF,AB + TecLEF, AC. 




Fio. 506. 



63. AhoutAADE describe a 0, cutting 
AB, AC, produced if necessary, in G and F. 
Join FG. 

Then / z GAB = i FAE, 

.-. arc GD=axc EF ; 
C ,\lGFD^ lFDE; 

.-. PC/islltoPO; 
,\AB:AC^BG:CF', 
,\ sq. on AB : sq. on AC=Tect, AB, BG : rect. AC, CF; 

= rect. BD, BE : rect. CD, CE. 

(III. 36.) 
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64. Let ^y B, be the given pointe, and livain 
be the ratio of the perpendiculars. 

Take a pt. i> in AB so that AD : BD=l : m, and 
a pt. ^ in AC so that AJE ; CE=l : n. 

Then DE is the line required, since x s on it from 
A and B are as ^2> : BD, i.e, as 2 : m ; and those 
from A and C are as Z : n ; and .*. those from B and 
C are as m : n. 




Fig. 507. 



66. Let ABC, DBF, QHK be three sunilar a s. 
Take JOT a fourth proportional to BC, EF, HK ; and on MN 
describe a a LMN similar to a ABC 

Pi ^ ^ 




A 



KM N 



C E F H 

Fig. 60a 

Then, by VI. 24, 

aABC:/^DEF==aGHK:^LMN. 



66. Let ABC be a a , DEF the middle pts. of its sides. 
Let the bisectors of the sides meet in 0. 
Join FE, ^ 

Then AOB, ^OJ^ are similar as ; 
.-. AO : OE=AB : EF, 

= 2;1 
Siniilarly,BO : 0F^2 : l,aiid 00 : 0D=2 : 1. 
Draw AN± to BC, and OPx to AN. B 

Then a ABC : a OBC-- AN : PN, 

=AE : OEy 

=3:1. 




N E. 
Fig. 509. 



67. Let OP, OQ be the given lines, Oa pt. such that 
if CP, CQ be drawnx to OP, OQ, the line PQ is con- 
stant, lien since PQ is constant, and i POQ is fixed, 
the circle circumscribing OPQ is of constant diameter, 
and OC is the diameter of this © . Hence the locus ^' 
of C 18 a Q with centre 0. 




m^ 



^ .* ■ ■ < 



£T GEO^MEUtY. 



lErMneBEL 3l 






Cff 




sal - JLaS? = - 5K* * 



•JDl ilOe are 



If - 



?3L IHL 



'. 5 laiir 3iiinc 'if 
if liL jbftZTs 






dnigoBUS of 



a 




--- iJLSTB = j^ OiSP - aOTK 
-•- 3-1 j^£ = aOSP; 

Q .•.6-L5rR=2Aasp, 




7a LeiPbethemiddkptofBa 
Draw PO II to AC, and meetiiig BFD 
inO 
Then vJBP=PC?,.-. OB^EOi 
and, since £0 is || to jIQ 

^AEiEC. 



I^ui, ftifi. 
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71. Area of A ABC 

=} rect. OP, AB, 
=Jrect.CF,2^Q, 
=rect CF, CQ, 
«a constant. 




Fiu. 614. 



72. Let PD meet the concave Oce in B. 
Then since CAP, CBP are rt. zs, a © described 
on PC as diameter passes through A and B, And 
since PFC is a rt. z, P is a pt. in the Oce of 
this 0. 

Then rect. FP, FE^rect FB, EP + sq. on EF^ ^ 

(11. 3.) 
=rect. AE, EB + sq. on EF, 

(III. 35.) 
=rect. BE^ EB + sq. on EF, 

(III. 35.) 
=sq. on FD. (II. 5.) 




Fio. 616. 



73. Let a, 0, y be the points of contact of the inscribed ©, and let 
the three s be drawn as described. 

Then Ay and Afi are equal, being 
tangents to the inscribed . Join AO ; 
it must be a tangent to the two ©s Qy^ 
op, since the rectangle under the seg- 
ments of any line drawn to these ©s 
&om A must be equal to the squares on 
-4y, AP, which are equal, and therefore 
AG cannot meet these ©s in any other 
point than G, 

Similarly with regard to BH, CK, 

But tangents to the three ©s at G^, ^, JS^ meet in a point ; 

.*. A6^, BH, CK meet in a poixiV 
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74. BH'.BK^EHiAK, 
=FL:AK, 
^CL'.CK; 
.-. rect BHy CJS:=rect CLy BK. 




B H K L 

Pig. 517. 

Now sq. on ^C=iect BCy CJT^rect. BH, CK'+rect. CH, GK ; 

and sq. on -£B=rect BC; -BJST^Pect .Bi, ^iC+rect CL, BZ ; 

.-. sq. on JlC-sq. <hi AB=^TecL CHy CK-twsL BL, BK. 




Fio. 51S. 



75. Let AK be the diameter ; join BC, 
CE. 

Then z ABD + l BAJE^a rt l ; 

and z ^CB + z BCE=& rt z ; 
also z .BJL^ = z BC^ in the same seg- 
ment; 
^ .-. z ABD = z ^GB. 

Hence ^s ABD, ACB are similar ; 
.-. AD : ^ijB=^lB : AC. 



I 



76. Let ABC be the fixed chord, and APQ the movable chord, 
and let PBy QC intersect in R 

,j Draw TA, DA tangents to the s at ^ 

Then z TAQ = z ACQ in alternate seg- 

A ^ ment ; 

^ and z 2X4P = z ABF in alternate seg- 
ment ; 
.-. z TAD = . ACQ - z ABP, 

= z -40C - ^ ^2:^Cf = ^ 5^2C'. 
Now z TAD is constant, and .*. z Pi^O 

is constant. 

Hence the locus of 12 is a circle passing 

thioTLgYi BC. 
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77. AE:ED=BC:CD. 
Also, AE : DA = BC : BD, 

=AB:BD, 
= EC:CD; 
,y compoonding the ratios in (1.) and (2.), 

sq. on AE : rect ED, DA=iect, BC, CE : sq. on CD. 




78. Bisect BC in E ; then J? is the centre 
of the described about a ABC. q 

Draw ED \\ to BA, then ED bisects AC. 
Then i AEB=2 l ACE. (III. 20.) 

Now AE is greater than AD ; 

.*. AE is greater than AB ; 
.'. L ABE is greater than i AEB ; 
.*. zABJJ^ is greater than 2 ^^0^. 




79. Describe a © about the A ABC^ and 
produce AB to i>, making BD=AB. 

From D draw DE \\ to £0, meeting the Oce 
inE. 

Join ui J?, cutting BC in J^. q 

Then •.* AB=BDy .'. AF=FE. 
Now rect. BF, FC^rect. AF, FE=s(i. on AF ; 
.\BF:AF=AF:Fa 




Fio. 522. 



80. Since a s FAG, DAE are similar, 
.\AG:AE-^FA:AD; 

and since a s ^^0, DJIB are similar, 
.\FA:AD=-CA .AB. 

Hence AG : J[-&=0^ : ^B ; 
.-. ^(? is II to -BO. 




"^lO.^'L^. 
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81. L AFC « I ABCy in same segment ; 
z AFD » I ACD, in same segment, 
B z ABCy because CD cuts ^£ at rt zs; 

Agwn, z DGB=^ l JDCB^ l CAB^ i CGB; 
.'. zs at F and O are bisected by AFy BG; 
.-. OT : FD=CF : ED, (VL 3.) 
=CG:GD. 

Fio. 524. 

82. Let p,ffghe the pts. of tangency. 

Then sq. on CH 

=sq. on 00- sq. on OHy 
={OC+OH).{OC-OH)y (II.B.p.84.) 
=(00+ 01^+ J^J3) . (00-00 + J?Gf). 
Now FH=-HG=fC=gC^Cp ; 
and 00+C!p=0p=0-4 = 0B; 
.-. sq. on CH^iOA + OF) . {OB- OG)^ 
=rect. AFy BG. 

83. Let BC be the given st. line. Divide BO in D, so that BD : DC 
is ia the given ratio. On BC describe the a ABCy such that BA : AC 
is in the given ratio. Produce BC to Fy so that BE : EC= BD : DC. 

Then z DJl^ is a rt z ; (p. 251, Ex. 3.) 

and .'. a described on DE as diameter passes through A, 
Let ^ be the centre of this circle, and G any pt. in the Oce. 

Then z FAD = z J^D^ ; 
•. iFAC+ L CAD^ lABD^ l BAD. 
Now z O^D = z B^D ; (VL 3.) 
.-. z ^uiO = z ABD ; 
.'.AS uiB^, JlOl^ are similar ; 
.\BF:FA=^FA :FC; 
OTyBF:FG=^FG:FC; 
,'. I CGF = I CBG. (VL6.) 
But z FGD = z ZDO ; 

= iCBG+ iBGD; 

.'. z FGD - z OBO = z BOD ; 

.-. z FGD - L CGF^ z BGD ; 

.-. z DOO = z BOD ; 

.-. BO ; GC=BD ; DC. 




Fio. 520. 
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84. Let OA^ OB be the tangents, and OCD the 
secant 

Since z OAC = l ADGy in alternate segment, 

.'.AS ADO, OAC are eqoiangular ; 

,\AD:AC^DO:AO. 

Similarly a s ODB, BCO are equiangular, and 

.\DB:BC=DO:OBy 

^DO : AO ; 

.\AD:AC=DB:BC; 

.-. rect ADy BC=rect. AC, DB, 

(McDowell's ExtrciuB,) 




85. Let ABC, BDChe triangles on the same 
base, and let ^ BAC = l BDC. 

Then a circle described about A ABC will 
pass through D. 
Let (2= diameter of this 0. 
Draw AM, DM xs to BO. 
Then area of a ABC^i AM. BC ; 
and area of a DBC=l DN . BC ; 
.-. areaof A ABC: area of a DBC=AM:DN, 

=rect. AM,d: rect. DN, d, 
=rect. BA, AC : rect. BD, DC. 




M 

Fio. 528. 



N 



86. Let P be a pt. such that 

AP:PB=AC:CB. 
Then CP bisects i APB ; (VI. 3.) 
and if AP be produced to Q, 
DP hisecta I BPQ ; (VI.A.) 

.-. OP isxto DP; ^ 

.'. a semicircle described in CD 
passes through F. 
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S7. Let ABCB be the qoadiilateial, O the pt 
of inteisectioQ of the diagonals. 
Then if the diagonals are at rt zs, 

area of qnadrilatend=|^ AG x BD. 
If they are not at rt. zs, draw AM^CN X s to BD : 
then area of qi]adnlater&l=|(JLlf +0^ x BD, 
Xow .13f is less than ^0,aiidC^is less than CO; 
.-. AM-^-CN is less than AC. 




FmlSSOl 



8S. It is dear that if we prL>ve the proposition for any one triangle, 
it win be trae for all triangles haTing their sides parallel to the sides 
of the particnlar triangle. 

Kow AF prodaced bisects BC in Cr, and 
AF^^.FG. 

Draw CO jj to BF^ then FCO is the parti- 
cular triangle to which we have referred. 
Since JLD=iX',.-.^jP=jPO,and.-. GO=GF, 
,Q and the line CG bisecting FO coincides with 
BCj and .*. is " to it 
Again, if OQP bisect FC, 
CP=i oiCE, and CQ^l of 0G=} of GB ; 
.-. OP is II to AB. 





89. Let C be the centre of the larger 
circle, and the centre of the smaller 0. 

Draw CAA' to meet the larger ©in A'. 

Then z^OP= 2 z^'CP; 

.'. arc -!lP=arc A'F ; 

.'. J.' is the original position of Ay and 
PA being ± to CA' is constant in direc- 
tion. 



Fig. 532, 
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90. Join IB and EK, Then since l EAK^ J of a rt z, 
.*. t^EAK is equilateral, and .*. EK is || to CB ; 
and similarly FH is || to AC. 
Then in as QEA, FEC, v l GEA = i FEG, 

and z ^-4G^=supplement of z EOF, 
.\QE:EF-=GA :CF, 




Fio. 533. 

And in as GEK, EFC, v l GKE= § of a rt. z = l EOF, 
and I GEK = /. Gi?'5= supplement of z EEC, 
.\GE:EF=^GK:CE. 
From (1.) and (2.) GA : GK--CF : CE. 
The other result follows similarly. 



(1.) 



(2.) 



91 Let OD, OE, OF be the perpendiculars 
on BC, ACy AB, 

Join OB, OA, DF, FE. 
Circles can be described about DOEC, OEAF, 
and OFDB ; 
.-. I BOD = I BED, and z AGE = z ^i^^. 
Now z 2>0J? + z DCE^2 rt. zs, 

= z BO^ + z i)0^ ; 
.-. z DO^ = z BO^ ; 

,\lAOE^ I BOD ; no. 634. 

Hence z ^i?7> = z ^J^^ ; and .'., since BFA is a straight line, 
DF and ^i^^ must be in the same straight line. 
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92. Let ABC, DEF be the 
two tmngles, such that 
I BAG = z EDF, ajidED=FD; 
and suppose that 

AB:DE^I)E:AC, 
Then AB : DE^DF :AG; 
and .*. by VI. 15, 

lABC = lDEF. 




93. Since the A s are similar, 

AB',BC=^BC:BD; 
.-. AB : 5D= duplicate ratio of AB : BG, 
^lABG\ aBGD. 



D 

k'lQ. 536. 



94. Describe any equilateral a ABC. 

Take D a point of trisection of BG, and in AD take ^0=the 
given straight line. 

Draw FOQ || to .BO, then a AFQ is the 
triangle required. 

For it is equilateral, since its zs are equal to 
those of A ABG, each to each, and is a point 
of trisection of PQ, for 

AD:DO=BD:PO, 

mdAD:DO=DG:OQ, 

.-. BD : DG=FO : OQ ; /. P0=20Q. 

95. Let d be the point through which the lines pass. 
/^ Draw pAq \\ to BG, meeting jB6, Cc 

^ produced in q and j). 

Then Aq : BG=Ah : Gb, 

and BG : Ap=Bc : Ac ; 
,\ Aq : -4^=rect. Ab, Be : rect. 06, Ac. 
^ P Now Aq : Ap=Ba : Ga ; 

Pjo, 538. .*. JBa : Ca=rect. AbyBc: rect. 06, .4^^; 

.'. C& : Oa=rect. Ab, Be -.TecV,. Ba, Ac. 





B 
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96. Since A AFD: aAFE'^FDiBF, 

=rect AFy FD : rect AFy BF ; 

ajidAAFB:ABFC=AF:FC, 

=rect AFyBFiiecLBFyFC; 

.-. aAFD : A ^J^O-rect AF,FD : rect BF, FC, 

BxxtAAFD : a -Bl^C-sq. on JID : sq. on BC ; 
.-. rect. AFy FD : rect. -B^P, FC= sq. on -42> : sq. on BC. 




Pig. 689. 



97. Since i BAF » z BDC, in same 
segment of ABED, 

and z uii^£ s supplement of z BF^ 
^ I DCBy hye BFEC; 
.'.AS ui^F, i>BO are similar. 
Again, z BFC = z ^-K(7= supplement 
ofz BED = I BAD, 

and z ^CJ^ = z ^^l?" = z BD^ ; 

.-. A 8 ^CJ^, uiDB are similar. 




Pig. 540. 



98. Draw EF || to AB, meeting uiC in .E, and BC 
Draw CO, ^ft FP || to BD. 
Then is the middle pt of AB ; (VI. 2.) 
said OP iPB^CFiFB, 
^CEiEA, 
^OQiQA; 
.-. OP+PB:PB=^OQ + QA :QA ; 
.\OB:PB=OA:QA; 
.'.PB^QA. 



mF, 




99. Since CF\CD^EF: BD, 
and CD : DF=AC : EF, 
.\CF:DF=AC:BD; 
.-. CF:AC=DF:BD; 
saidiACF= iBDF; 
.-. z ^J^a = z 5f7) ; 



(VI. 6.) ^ 
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100. Let CD produced meet the larger © 

Then l ODC is a rt z, and 
B .-. DF^JDG, 

Now rect AD, J>5=rect. FD, DC, 

=sq. on DC, 
Similarly, rect. AE, EB =^sq, on CE. 



Fio. 543. 



101. Describe a about the a ABC. 
Produce EB to meet the Oce in jP, and join AF. 

Then •.• z EBC = i EBD, 
F o ^iFBA, 

and 
z -4J^5= supplement of z BGA = z BCE, 
. \ the A s -KBO, FBA are equiangular ; 

'e .\ rect ^5, -BC=rect. BF, EB ; 
.*. rect. AB, BO+sq. on J5^ 

=rect. BF, J^B + sq. on -Bj&, 
Pio. 644. =rect. FEf EBy 

=rect. EA, EC. 

102. In the as QAB, FCB, since z QBA = z PBO, and z ^^B is 
the supplement of z POB, 

.-. QA:QB=FC:FB. 





Fio. 545. GL 

Also zP+ z(2=4rtzs-(zDJ[B+ iBCD + 2iABC), 

=2rt.zs-2z^BO; 
.'. ^ ( z P + z Q)=comp\emftii\. oi l ABC, 
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103. On the given diameter describe a 0, and from it cut off a 
segment ACB containing an i equal to the given vertical i. 

Divide AB in D, so that AD : DB in the given 
ratio of the sides. Draw the diameter EF x to 
AB. 

Join ED and produce it to meet the Ooe in C 

Then -since arc ^^»arc EB^ the i ACB is 
bisected by CE ; 

.\AC:CB^AD:DB, 

sthe given ratio. 





104. Since the distance OP \a known, OC 
is known, and we can find a square = differ- 
ence of squares on OC, CTy the side of this 
square gives OT. 

Join 00, and what is required is done. 

Pio. 647. 

105. Let Ay By and be the three points. 

Divide AB in D so that AD : DB=p : 5, and in AB produced take 
a point Ey such that AE : BE=p : 9, and upon DEy as a diameter, 
describe a circle. Every point on this circle has its distances from A 
and B proportional to p and q respectively. (See Ex. 83.) 




FlO. 64& 

Describe a similar circle relative to A and 0. 
The points of intersection of these circles, when intersection is 
possible, satisfy the required condition. 



176 KEY TO ELEMENTARY GEOMETRY. 



106l Since AD is laaected at C^lABC = l CBD ; 

.'. z ABC = L (TiiDy and /.a ©passing through 
A.EB touches AC. 
Draw AAi.\Q CA, and B-4'x to AB. 
Thai ^^' must be a diameter of the © passing 
B throo^ AEB^ 

and L ^'^B= complement of z CAB^ 
= L CBA ; 
.•. A A'AB is similar to A ABC ; 




FiaM9. 




107. I>raw ATi. to the given line TP, and take 
P B in AT, such that rect AB, -4r=rect. ^Q, ^P. 

Then AB : AQ=AP : AT. 

Hence as BAQ and PAT are similar ; 
T and /. z AQB = z ^TP=a rt. z ; 

.'. the locus of Q is a0haying AB for its diameter. 



108. We can describe a rectan^e having for one side the sum of 
the given lines, and for the other the difference. The area of this 
rectan^ will be the difference of the squares on the lines. We can 
then describe on the given line a rectangle equal to this rectangle, and 
what was required is done. 



109. Let CB and BC, the external bisectors of the angles at J? and 
C, meet in A\ 

First, since z ui'= supplement of 2iA, 
z A^ cannot = lA unless z A =} of 2 rt. 
zs, in which case the as are equilateral 
Hence AIBC is not similar to ABC. 

Next, to show that A'BC^ cannot be 
similar to BCA, 

If so, 2 rt. zs- 2 z -4 = z P, 
and2rt. zs-2zP= lC, 
and 2rt. zs-2zO=z-4. 
Hence we get z -4 - z C— 0, 
andz-4- iB=0. 
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110. Area of ABC : area of A'mr 

=rect AB, AC ; rect A'B', AV\ 
=rect. A'Cy AC : rect A'B', A'C, 
=AC:A'B. 




Fio. 662. 



111. -Let Ay By Cy Dy Ey F \iQ the angular pts. of a re^ilar hexagon. 
Describe a about it. 

Join AEy ECy CA ; BF, FDy DB, ^ 

Then a s AECy BDF are equilateral. 

And since FBy EC cut oflf equal arcs, ^ /^ / \ ^^ ft 
they are ||. 

.'. AM=AN, and a AMNia equilateral 
Now in A s ABMy FEM, 
'.'AB^FEy and l AMB = i FME, 
and z ABM=^ L FEMy in the same segment, ^ 
.'. AM=FM ; and similarly AN^BN ; 

,\FM^MN=:NB'y 
.-. A FRM=^\ of A -82)2^= A BON=^ a QPD ; 
. •. hexagon MNOPQR = § of a BDFy 

= § of J of hexagon ABCDEF, (p. 202,IV.15.) 
= J of hexagon ABCDEF. 




D 
Fio. 663. 



112. Let -450 be the A, and DE the line 
to 50. 

Then A ABC= 9 times A ADE ; 

.*. ^0= three times AE ; 
,', Dy E axe points of trisection of ABy AC. 



M 




B C 

FiQ. 664. 
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113. Let APQ be the chord to the circles from A, 
Join OP, and draw DB to B the middle pt. of FQ, 
Then CP, DB being both ± to AQ are ||. 




Fio. 555. 



.'.AF:PB=AC:CI); 

.\AP=^2PB; 

/. AP=PQ. 




114. Since EA=^EB== ED, A ® described 
with centre E and radius EA passes through 
DmdB; 

.*. z ADB is a rt. z ; 
.'. ADC is a rt. z ; 
.*. a described with centre ^ and radius 
FA passes through J>. 



Next, let AEF be an acute-angled a . Produce AE, AF to B and 
Cy so that EB=AE,a,ndFC=AF, ' 
Then ^C is || to EF, 

Turn A AEF over round ^P, then -4 will fall 
on a pt. D in BC such that ED^EA, and 
FD=^FA; and .'. a^^P will coincide with 

Then L EAF + z ^^P + i AFE 

= z EDF + z P^D + z E7Pi), 
= z ^DP + z j&D^ + z FDC, 
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115. Since aBAC-^aDAE, 

.', aBCE^aDCE; 

and .-. CE is \\ to BD; 

.\BC\BF^DE\DF\ 

and/. i^BCA : aBFA^aDEA ; aDFA. 

But aBGA ^aDEA; 

.-. aBFA ^aDFA ; 

and .*. perpendiculars from B and D on FA 

are equal; 

and .*. FA bisects £Z> and its parallel CE. 



116. Sq. on P^T-rect. AN, NB, 

^i * t of sq. on AB ; 
sq. on ^iV=rect. ANy NO, 

= J * ) of sq. on AB, 
.'. sq. on PN : sq. on QN^ 5 : 2. 




P.O. 658. 




Fio. 559. 



117. First describe a rectangle equal to the sum of the |;riyen square 
and the given rectangle. Then describe a square equal to this 
rectangle. 



Miscellaneous Exercises on Book XL 
Page 334. 



1. Let OA, OB, straight lines in 
the plane AOB, be equally inclined 
to the plane ACB. 

Let AB be the common section 
of the planes. From draw 0C± 
to the plane ul OB, and join AC,BC, 

Then *.• z OAC = z OBC, by 
hypothesis, and i 0GB = i OCA, 
each being a rt. z, and OC is com- 
mon to the A s AOC, BOC, 
.'. OA = OB, 
and .\ z OJB = /: DBA. 




Y\o.!>Wi. 
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2. The two planes ACBX, ACBY are at rt. zs. 

In plane AGBX from the pt. C in the intersection AS of the 
planes, CEy CF are drawn making i ACE = z BGF, DCU is any 
straight line drawn through C in the plane ACBY, Take CE= CF, 

Draw EA, FB i to AB, 

Then •/ CE^CF, and z 04 j& = z CBF, and z ^0-4 = i BCF, 

.-. AC^BCy and AE^BF. 




Pig. 661. 

Again, draw in plane ACBY the lines -iiy, 5i) x to -45, and 
meeting DCiy in iX and D. 
Then •/ AC=BC, and z ^aZX^ z BOD, and z 04iy = z CBD, 

.-. CJy^CDy and Aiy=BD. 
Join IX-^, J>i?; and then 

••• Aiy^BD, and AE^BF, and z i/^^ = z DBl^, 

.-. I/E^DF; and /. in the as 0^1/, OZD, 

V CJy^CD, and CE=CFy and UE^DF, 

,\ L iyCE= L DCF. 



3. Draw 4.F J. to BC, and 50 ± to 40, and let these ± s inter- 
Bcct in D, Join EF, 
Then ',' DJS^ ± to plane ABC, e^fet^ T^\a3aft tkcoii^h DE]& ± to 
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plane ABOy and .*. the plane through DE and -4-F is ± to plane ABG^ 
and AF is the intersection of the planes. Now FB is drawn in 




Fig. 562. 



plane ABG^ and is x to the section AF^ and /. is x to every line 
drawn in the plane EAF^ and EA is in this plane, and 
.-. i^O is ± to EA, Similarly, i^J^ is i. to AG, and EG is -L to AB. 



4. Let AB be the common mtersection 
of a number of planes EABE\ FABFy 
QABQ' . . . and D the given point. 
Through D draw a plane DGefg± to the 
section AB, and cutting it in G; then since 
AGB is J- to the plane DGefg, every plane 
through ^ OB is X to DGefg, and .-. DGefg 
isxto all the given planes having the 
common section AB, and /., if De, Df, 
Dg , , . be X s from D on these planes, 
e, /, ^ . . . all lie in the same plane 
through DC X to AB, and .-. since GD 
is fixed, and the z s made by joining G 
*^ ^> /> fl' • • • 3.re all rt. zs, the locus of 
feet of xs is a circle on DG as diameter. 




"B\o. 'b^'^. 
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5. Let BABB^, FABF (as in diagram to Ex. 4) be the given planes. 
Let D be the pt from which the jl s on these planes are drawn. 
Throogh D draw a plane DCef x to AB, the section of the given 
planes, and draw De, Df j. s frmn D on these planes. 

Then l e(y— angle of inclination of planes BABB, FABF', 
And since D^ is J. to O, and Df is j. to CJf, 

.-. L tDf = z eCf. 

6. Let ui-ff'OHbe the plane through ^jito plane AF^-4', having 
the line HGW its intersection with the plane HFWF. 

Now since AF^ A'F are two jl s to the plane KFBJF^ this plane is 




Pio. 564. 



J. to the plane drawn through A Fy 
A'F'y and also plane AH! OH is x 
to the plane through AF^ A'F, 

.'. the two planes FHH'F'^ 
AH'GHj intersecting in the line 
HGHj are each of them j. to the 
plane AFFA\ and .'. the line 
HGH is J. to the plane AFFA\ 
and .'. J. to eveiy straight line 
drawn through G in that plane, 
and .-. X to FGF, 



7. Let FB^ FG be equal straight lines drawn from the pt. .F to the 
plane ECB. Draw FEi. to the plane BCB^ and join BB^ BC. 
Then FB isx to ^B and also to BC, 

r 




Fig. 665. 

.-. in the right-angled a s FEB, FBC, FB^FC, and FB is common, 
and /. / FBB = z FCB, that is, FB and FC are equally inclined to 
tie plane. 
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line D J? 




8. This exercise is the same as Ex. 6. 

9. From^draw AB±totheplanejBDJ?,and.i/)±tothe 

in that plane. 

Make BE^AB, andjoin^J?,B^,jBD. 
Then in as ABE^ ABE, 
'.' AB^DEf and AE is common, 
and rt. z ABE^^tL l AVE; 
.'. AD^BE. 
Then in as ABD, BDE, 
'.* AD^BEy and BD is oommon, 
and AB^ED ; 

.'. I ABB - I BDE ; 
.*. L BDE is a right angle. Pn,. 6M. 

10. The angles containing a solid angle are together less than 
four rt z s. 

.*. if equilateral as alone be used, a solid angle can be made by 6, 
4^ or 3 equilateral triangles. If 6 were employed, the solid i would 
become equal to four rt. zs, and .*. the bounding lines would all be in 
one plane. If only squares be used, there is only one way of forming 
a solid z, that is by using 3, for if 4 were used, the solid i would 
become equal to four rt zs. Taking one square, we can form a s<^d z 
either with 4, 3, or 2 equilateral A s. 

Taking two squares, we can form a solid z with 2 equilateral A s only, 
for if 3 were used, the solid z would become equal to four rt z s. 
.*. the total number of ways is 3 + 1 + 3 + 1, or, 8. 

11. Let AB be the intersection of the 
two planes, inclined at a given z. 

Let BCD be a plane drawn x to AB^ 
and having BC^ BD for its intersections 
^th the given planes. Join any two 
pts. C and D, one in each of these inter- 
sections. With CD as diameter describe a 
sphere cutting ABmE^ and join CE, DE. 
^en the plane through (7, D, E inter- 
sects the two given planes in CEy DE, 
and these lines are at right angles, since 
CD is the diameter of a sphere, and ^ is a Cj 
point in the circumference of the sphere. / ^q,!«\. 
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Fio. 568. 



12. Since AB^ia ± to AD and also 
to AC, it is X to the pkne DAC, 
and .*. to every st. line in that plane, 
and .*. to AE and DE. 

But, by constraction, AE is x to 
CD, and .-. DE is x to AE and also 
to AB, and .'. to the plane passing 
through AE, AB, and .'. to eyeiy st 
line in this plane, and .*. to EB. 



13. Let ^ be a pt. in the wall XOO^, and £ a pt. in the wall 
YOCy. The shortest distance from AtoB measured along the planes 

is ACB, where AC, CB make equal angles 

with 0^(f : for if we imagine the plane 

YOB to be turned about the intersection 

0(y till it coincides with the plane XOA, 

^^ then ACB will be a st. line, and .*. the 

shortest distance between A and B, To 

find the pt. C, draw -40^ in the plane 

XOO^, X to Oa, and B(y in the plane 

YOa X to 00^, Divide (ya"m C so that 

OrC:aC=A(r :B0^. Then since as 

AO'C, B(yC have zs at (T, (X rt. is, and 

the sides about them proportional, 

.\ I AC(r = A BCC ; 

,\ Othe required pt. is found. 




Pig. 669. 



14. Let FDG be the given plane, A and B the given pts. Join 

AB, and through A and B draw the x s AD, BE to the plane FDG, 
If be the pt in FDG in which the lines from A and B intersect 
when the distance is the shortest possible, it must lie in the plane 
through AB± to FDG, and .*. in the line DE. For if not, suppose C 
to be the point ; and draw (70 x to DE in plane FDG, and jcrin 

AC, BC. Then we have the right-angled as ACC, BCC, and the 
sum of the hypotenuses AC\ BC must be greater than the sum of 
AC, BC ; and .'. C cannot be the point, and .'. the point must be 
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Again, if we produce AD to A\ so that -4'/)= ilD, it is plain that 
A' is at the same distance from any pt in the plane FDQ as il is, 
and /. if we join BA^ BA! is the shortest distance between B 
and A\ and if BA' meets 
the plane FQD in C, BQ, 
CA' together equal BC, CA 
together, and is the re- 
quired pt. But BOA' is a 
straight line, and 
..iBCE= iDCA'^ lACD. 

Hence the sum of the two 
St. lines is the least possible 
when they are drawn to the 
intersection of the plane 
through A and £ J. to the 
given plane, and make equal 
angles with it. p,o 570. 





Pio. 671. 



15. The two planes ABC, ahc, are 
cut first by a plane ABba, in AB, ba, 
and next by a plane A Oca, in AC,ca. 

By XI. 16, AB is parallel to ab, 
and AC IB parallel to ac, 
and since AB, AC, two st. lines that ^ 
meet, are respectively parallel to ah, 
^ two other st. lines that meet, 
.-. by XI. 10, z BAC = ihac, 

16. In the as BDA^ BCA the two 
sides BDf DA are by hypothesis equal 
Respectively to -40, CB, and the base AB 
is common, 

.'. L BDA ^ I ACB. 
Similarly, 

/. ADC = z ABC, and z CDB = z CAB; B fio. 572. C 

.-. z BDA + L ADC + z CDB - z ACB + z ABC+ z CAB, 

= 2rt. za. 
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17. Let 0^, 05, OC be the three st. lines. 

Take OA^^OB^ OC, and join AB, BC, CA, which lie in the plane 
ABC. 

In the plane ABC find D, the centre of the circle circumscribing 
the A ABC, and join AD, BD, CD, OD, 

A/ Then shall OD be the line required. 

For m £^a AOD, BOD, 
1^ •.•^0=-BO,andOi)iscommon,and^D=J5D 
(each being a radius of the © described about 
lABC), 

.'. L AOD = L BOD. 
Fio. 673. C Similarly, l AOD ^ l COD, 

. *. the line drawn from to the centre of the © described about 
A A BC is the line required. 




18. Let ABCD be a triangular pyramid standing on the equilateral 
base BCD, and having the angles at A rt. angles. 

In AS ADB, ADC, 
*.• DB=DC, and AD is common, 
andzl>-45 = iDAC, 
.-. AB=AC. 
Similarly, -4 i?=^i). 
Then if be the point of inter- 
section of X s from the angular points 
of the A BDC on the opposite sides, 
*.• OD=OB, and OA is common, 
and AD^AB, 
.\aAOD = lAOB; 
and similarly, z AOD= l AOC, 
Fig. 674. p Hence -40 is ± to plane BDC. 

Then sq. on -40=sq. on -42>- sq. on DO, 

=sq. on AD - J sq. on DB, 
=sq on AD - § sq. on ADj 
= J sq. on AD, 
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19. The three plane angles BOA^ COAy COB form a solid angle at 
Of COB being a rt z, and CO A the supplement of BOA^ which we 
will take as acute. ABC is a plane cutting the edges OA, OB, OC 
in A, B, C, so that OB=OC. 
Then in A ^0£ 

sq. on ^^^sq. on 0-4 + 8q. on 
OB -2 rect contained by OB and 
the section of OB between and 
foot of JL from A on OB; 

sq. on AC^eq. on OJL + sq. on 
00 +2 rect contained by OC and 
the section of OC between and 
foot of X from J[ on 0(7; . „ „. 

sq. on B0= sq. on -BO + sq. on 00; 

.*. sq. on -45 + sq. on -40+ sq. on 50=2 (sq. on 0-4 + sq. on OB 

+ sq. on OC). 




20. In the solid i formed by OF, OA, OB 

^ ^OA + L FOB is greaterthan z AOB\ 

«^d in the solid / formed by OF, OB, OC, 

^ FOB + L POO is greater than i BOC; 

*^d in the solid z formed by OF, OC, OA, 

-^ JFOC + z PO^ is greater than z 00^ ; 

••. z POJ[ + z FOB + z POO is greater 
^*xan J ( z ^05 + z jBOO+ z 00^). 




Pio. 676. 



Page 342. 
Senate-House Eiders on Boohs VL XL and XIL 



1849. YI. 4. Let AOD be a chord passing 
tihrough the fixed point in a circle. Draw 
«*y other chord BOC. Join AB, CD. Then 
^ s AOB, COD are similar ; 

.\AO:OB=CO:OD; 
and.', rect. AO, OZ>=rect. OB, OC; 
that is, the rectangle under the segments of 
any chord pasang through is constant. 




FiQ. 677. 



( 
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XI. 11. This has been proved in Ex. 7 on page 334. 



1850. VI, 10. Since the zs at P are rt zs, 

.•.AS -42)0, EBF are similar ; 

and .*. A s EGB^ ACD are similar ; 

.\AC:CD=EC:CB; 

.'. rect. CD, ^(7=rect AO, CB, 

=sq. on CF; 
.-. CE:CF=CF:CD. 




Fio. 67a 




B C 

Fio. 679. 



1851. VI. 3. Produce AD 
to E, and draw DP bisecting 
the z ODE. Then 
z PDB^l{ z ^jDC + z Ci>-B). 
.-. z Pi)B=a rt. z, 
.'.a © described on BP as 
'p diameter passes through D. 
(See also Ex. 83 on p. 302.) 



XI. 8. Through E draw the plane GAD x to AB^ intersecting the 
planes in -40, AD, and in the plane AGED draw EG^ ED jls to 
AG, AD, 

Through draw, in the plane BAG, 
GK II to AB, 

Then EGK is a rt. z, and also AGE is 
a rt. z. 

.-. EG is ± to plane BAG. 
Similarly, i^D is X to plane BAD, 
Draw DP X to -40 in plane 0-4i>. 
Then by drawing from F in plane BAG 
^ aline || to -4P, it may be shown that DF 
'^ is X to plane BAG. 

But P is a point in the line AG, and 
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1852. YI. 2. This has been proved in page 294, Ex. 12. 



XL 11. is the point in which the 
perpendiculars £rom the angular points of 
BCD on the opposite sides intersect. 

(See Ex. 18, p. 335.) 
Then sq. on AD = sq. on -4 + sq. on DO, 

= sq. on -4 + J sq.onBD; 
.*. 3 sq. on AD = 3sq. on-4 + sq. qvlAD\ 
,\ 2 sq. on AD=^Z sq. on AO ; 
.'. 2 sq. on AB=Z sq. on AO, 




Fia. 581. 



1853. VL 6. Describe a © round ABC\ then CD cuts arc AB in 
Bi its middle point, and if the base AB and the vertical angle at G 
be given, ^ is a fixed point. 

From CA measure 0^= CB ; join FD, FE\ ^C 

ITB. 
Then •.' GF=^GB, CD is common, and 
z FCD = z BCD, 
.-. DF=DBy and similarly FE=BE'. 
Hence l DF'F= l DEB, 

^ lDAF\ 
.*. a © can be described about FAE'D ; 

/. rect. OD, aS'=rect. CA, GF, 

=rect. CA, CB, 

=rect. CD, GE (by the question) 
/. E coincides with E', a fixed point. 




Fia. 682. 



XL 21. In the diagram A', B, 0, A are 
supposed to be in the plane of the paper, and 
D above it. 

Then since BA, CA are respectively ± toB 
the planes BA'D, CA'D, it follows that A'D, 
the intersection of the planes, is x to BA and 
CA, and therefore is ± to the plane containing a 

them, that is BA'G, Fio. 583. 

.*. DA'B and DA'C are rt. zs, and z BA'G is the supplement of z BAG, 
,\ /8 at A^ together with z BAO iwaka iowx x\». l^. 
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1854. VI. 16. Let 0, (7 be the respective centres ; join 00, O 
BE, B'E. 
Then since BE is || to (/C ; 

.'.ABiBC^AEiEO'; 
0TAB:Ba=AE:iA'E. 





Fio. 584. 

Similarly, A'B : BC=A'E : i AE. 

Compounding, AB, A!B : BO, BC=AE, A'E : i.A% AE, 

=4:1; 
.-. rect. AB, -4'J5'=4 rect. BC, BO. 

XI. 20. The inner triangle need not have its sides parallel to those 
of the outer. Let dbc be the inner and ABC the outer. Let a6, be, 

ca be produced to meet the sides of 
ABC in y, a, /3. Join 60, and let 
be the point not in the plane of the 
triangles; and let any line, such as 
ac, stand for the angle subtended by 
it at 0. 
Then 6y + yO is greater than hC ; 

(XL 20.) 
. '. 6y + yO+ Oa is greater than 60+ Ob; 
.*. 6y + yO+ Oa is greater than 6a ; 
Fig. 585. . *. 6y + yO+ Oo is greater than bc + ca; 

so also, ca + aA + AP is greater than ca + a/3 ; 
and, a/3 + PB +Byia greater than ah + by; 
.'., adding, and removing equal lines from each side, 
yC + Ca-¥ aA + AP + PB + By is greater than 6c + ca + a6; 
that is, CA + AB + BC is greater than 6c + ca + a6, 
.'. the particnlat case \s «»\so ^xon^. 
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1855. VL 2. Since BJ) and EC are 
Pa^aJlel, 

.-. A s JBFD, -KFC are similar, 

.\FB:FE^BD',EC, 

^fc^ow BD=BAy and EC=CA, 

.\FB:FE=BA:CA, 

.'. J[J^ is parallel to £!> and ^C. 



^^I. 16. The planes oB, cD are evidently parallel ; 

.'., since they are cut by the plane ad, ab and cd are parallel. 
I^Vom a draw a^ parallel to AB ; (lE^ will evidently lie in the piano 
- , and will intersect Bb in some point E^ so that aEBA shall be a 
I^^t;»llelogram, and .*. aE==AB, 

Similarly, draw c^ || to CD to 
^^^'tersect Dd in F, then, as before, 

!Now, since a5 is || to c(2, and aE is || 
*^^ AB, which is || to CD, which is 
W t/)cF,.\ aE 13 \\ to cF. 
Hence z &a^ » z dcF, 
Similarly, z oftJ^ = z cd^, 
.*. AS 06^, cdF are similar ; 
.*. ba :aE==cd icF; 
and .-. ba : AB=cd : CD, (I. 34) 




C D 

Fio. 687. 



1866. XI. 11. Let A BCD be the regular tetrahedron. 



Bisect OD in ^. Jom AE, 
3E, and take F ia BE such 
that BF= 2 FE. Join AF. 

Now ^ is the pt. where the jl 
from^ on BCD meets BCD (see 
p. 335,Bx. 18). But all such x s 
in a regular tetrahedron are 
equal ; and hence if BG be the 
± from B on ACD, AF^BG. 

Draw FH ± to J[^. Then 
by similar as BGE, FHE, 
BG:FH^BE:FE; 
=3 : 1. 




- B 



i&.'— - 



■pio. wa. 
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1857. VI. 19. The triangle AUB always 
varies as its base and height jointly. Draw 
BN ± to ABf^ then ACB varies as the rectangle 
AC, BN. 

Suppose B^Bf, Cfif to be new positions of BR 
and (7(7' : then (N^ being the new position of N) 
the triangle AC',B, would vaiy as the rectangle 
'XJAC;,B^^ 

But the AS BNBfy B^fi; are similar ; 
.\LACBit. AC; 5,= rect. AC.BNi rect ACf, BJN„ 

=rect. AC, BB : rect AG], B;B, 
=rect 0(7, BB :rect. (7,(7/, B/B^ 
that is, A ACB varies as rect. (7(7, 5-B'. 
Similarly, the proposition may be shown to be true for the tiAJffC. 




XI. 16. Let OABC be the pyramid, ABC the equilateral base. 
Bisect ^B in i?*, join OF, OF. OF is evidently ± to AB, and ^LB x 
to plane OCF, and .*. to OF. But J^ is the middle pt. of AB, and .'. 
AS OFBf OF A are equal in every respect ; 

.'. OB==OA; and, by similar reasoning, OB^^^OC. 

Take any pt. P in the plane 
ABC ; draw Pi ± to GAB, 
through PL draw the plane 
EPB II to ^B and cutting 
OAB in ED, and CAB in GH 
(where evidently, by construc- 
tion, both FD and GH will be 
II to AB). The X 8 from P on 
the planes GAG, OBC are 
evidently respectively equal to 
Fio. 590. XJlf and LN. 

For any position of P along O^, the ± on the plane OuijK, will 
always be equal to PL, Hence for positions of P along GHytke sum 
of the X s wlQ always be the same, if the sum of LM and LN be the 
mma 
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M' M 



N 



In Fig. 691, let II, AT, IT he new poeitiona of L,M,N ; LM, LN 
intersecting in K, then evidently LM-¥LN = L'AT ■\- VN*, if 
L'K^LKy which is true, becanse L'KL is a A similar to BOA, and 
.'. isosceles. Hence for any pt. P in GH the sum of the ±s is 
equal to PX + XM+ iiV; that is, to PX + DO, 
or HD-^nO, or HD-^HQ (HQ being || 
to DO). 

Exactly as before, HD + HQ is of constant 
value and equal to ^ 0. 

But P was taken anywhere in ABC, and 
the sum of its xs has been found to be equal £ 
to jIO, and .*. the sum of the xs from any 
point in the A ABC (and within it) is con- § 
Btant and equal to ^0 (or BO or CO), Fio. 591. 

The same is true if P be in the plane ABC and without the A A BO, 
proyided that the xs be subtracted when they fEtll on the side of the 
tA GAB, OBC, OCA opposite to that on which they fell when P is 
mthin the A ABC. 



y 



1858. VI. 16. Let ABC be the A, and BC its base. 
Take P in ^D such that 

sq. on ^P=rect AB, DP. (II. 11.) 
Ihraw FB || to BC, to meet AC in D, and 
job PC. 
Then shall P be the point required. 
For since sq. on -4P=rect. AB, BF, 

.\AP:PB^AB:AF; 

and .*., since as APD, ABC are similar, 

AF:PB=BC:FD; 

and z AFD = z FBC ; 

.-. (by VI. 15) A ^PD = aPDC. 




Fio. 592. 



XI. 11. Cut the given planes by a plane x to their line of inter- 
section. Let the given planes cut this plane in the lines XOX', 
YOY, Each required locus will reduce to a point where it cuts the 
above plane of construction (the plane of the paper). P, Q, B, 8 are 
these points, 

N 
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Bisect I YOX by OP, and from draw ON ± to YO, and equal 
to the given line in length ; draw NP || to OF to cut OP in P ; and 
draw PM, PL ±s to OF, OX, The as POM, POL are evidently 
equal, and .'. PM—PL= given line. 

Y Construct similarly for B. 

Through P and B draw PQ, BS 
II to OX, and PS, BQ \\ to OF, 
intersecting in Q and /8L 

Then P, Q, B, 8 9xq evi- 
dently the required points. 

Moreover, PQ, QB, B8, 8P 
are lines of intersection of the 
four planes (of the second part 
of the rider) with the plane of 
the paper. Perpendiculars from 
on these lines {ON is one of 
them) are evidently all equal to 
Fig. 593. the given line. 

1859. VI. 31. By VI. 18 this rider is self-evident : it being only 
necessary to notice that if two or more sides of the given polygon are 
equal, an equal number of the described polygons will be equal, so 
that there will be only as many polygons of different sizes as there 
are sides of different sizes in the original polygon. 

XI. 20. Let the four lines be cut by a plane in the points A,B,C, X, 
the lines being OA, OB, 00, OX, Join AB,BC, CA,AX, BX, CX; 
and let the zs subtended at by AB, BC, CA, AX, BX, CXhe 
represented respectively by c, a, b, x, y, z. 

Then (see solution of rider for 1869, XI. 20) 
c + 6 is greater than y-¥z, 
a + c is greater than x + z, 
6 + a is greater than y + x ; 
.'. a + 6 + c is greater than x + y + z. 
Again, in the pyramid OABX, by XI. 20, 
x + y h greater than c, 
so also, y + z ia greater than a, 
and z + xia greater than b ; 
.'. 2 (x-^y + z) ia greater than a + b + c ; 
,'. x + y-\-z is greater t\iscw\(^a-vb-vcV 




FlO. 594 
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1860. VI. A. — I. The proposition says that when z DCB is bisected 
by CX, AX : BX^AC : BG, 

Now in the mind suppose CX 
always to bisect i JOCB, while 
the triangle changes itself gradu- 
ally to suit X moving away from 
A and B indefinitely, while Cs 
position is always the same. ^ 
Then evidently CX will come 
to fulfil Euclid's definition of 
paiallelism with regard to AB, When this is the case, 

z DCX = z CAX, and z DGX = z BOX = z CB^ ; 
.-. z O^Z = z CR4, or CA^CB. 

Hence when C^ = (TB the external bisector CX is || to base AB. 




Fio. 596. 



II. Taking an evident construction, since CG bisects z ACB, 

,\AG:GB-=AC:CB; 
OT, AG lAC^GBiCB. 
Let the bisector ^^ of the external z BAD meet CG' produced 
'^F; then 

i^Gf : FC^AG : ^0, 
= aB:CB; 




F 
Pro. 596. 

.*. joining FB, by VI. A. FB is the bisector of external z ABEy 
that is, the external bisectors of A and B meet the internal bisector 
of Cm the same point 
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XI. 17. Let AQE, GHK, BDF be the three planes, of which ACE 
and GHK are parallel ; AGB, CHD, EKF the three lines cut by 
these planes, so that AG : CH:EK=-GB : HDiKF, 

From C draw CLMN\\ to AGBy cutting the three planes iaC^L^ If; 
join AC, GL, BN; LH, ND. 

Now ^X is a parallelogram ; and so also is GN, if the plane BDF 
is II to GHKj and in this case the rider is proved by XL 17. 

If this is not so, take LM (in LN)=GB, and join BM, MD. 

Then Gf3f is a O ; 

,\AG:GB=CL:LM 

.'.CHiBD^CLiLM 

and .'. XJET is II to MD 

.'. BDM is a plane || to GHK, and different from the plane BDF, 




V 



7~l ^ ^ 

I ' ' Fig. 697 

In a similar manner another plane DBF may be found passing 
through D and F, and || to GHK, and different from the plane BND. 

But two planes passing through the same point D, and || to GHK, 
must be coincident, that is, the planes BMD, DBF must be the same 
plane, and this plane must evidently be BDF, for otherwise, two 
planes not coincident may be made to pass through three points not 
in the same straight line, which is impossible. 

.*. the plane BDF coincides with both of the planes BMD, DRFj 
and is // to GEK and ACE, 
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1861. VI. 6. Let the diagonals intersect in 0. Join E¥^ FG, OH 
HE. lat^AOD, H and E axe two of 
the feet of perpendiculars, and hence A s 
OBH, GAD are similar, 

and .-. z OHE = z ODA. 

Sunilarly, in the as OAB, OGH, 

L ORG = I DBA ; 

.-. z EHG = z ODA + z OBA, 

= L ODA + L GDC, 

= z ADC. 

Again, since the pairs of a s OEH, OAD; OHG OB A, are similar, 

.'.EHiAD^OHiDO, 
-=OH:BO, 
^HGiBA; 
or, EH :HG= AD :BA, 
^AD'.DC. 
.'. the quadrilateral EFGH is similar to ABCD, and .*. is also a 
^^^orallelogram. 




XL 12. Let ABCD be the tetrahedron, and E the middle pt. 
CD ; JF'a pt in EB such that 
•J? = 2 EF. Join AE, AF. 
Let one edge of the tetrahedron 
^« V3 in length. 

Then, by L 47, ^5=-|, and if G 

\ke the middle pt. of AB, BG=^- 

Now the perpendicular distance 
\)etween the two lines CD, AB h 
t^he shortest distance between them, 
and this distance is EG. C Fiq. 599. 

Now, by L 47, sq. on -E^G^ + sq. on G^^=sq. on EB ; 

.-. sq. on ^(3^ + 1"=^, and.'. BG==^' 
The diagonal of a square described on an edge = the edge x >^2 = ^6 ; 

. *. half of this diagonal= -^ = BG. 
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1S62. VL 1. Bt a wefl-ksovn theorem in Modem Geometry, if in 
tfce A ±B€, AJj. BE, CF meet in O. 

AE. BF. CD^AF.BD. CE. 
Ttei 1 ifhtikAFiFB=CD:DB, 

we IttTe AEi CE^AF.DB : BF. CD, 

^CD.BDiDB.CD, 
= 1:1. 
And (2 when AF : FB^BD : DC, 

we IttTe AE : CE^AF. BD : BF. CD, 

=sq. on BD : sq. on CD. 

XL 21. This lider his beat ahead^ proTed in page 335, Ex. 16. 

1663. TL 4. Let J.BCbe the a, AJ) the external bisector of A, 
BE and CF the internal bisectors of B and C, meeting the sides in 
D, E, and F. 

X 





Then from the proposition in Modem Greometiy, that if three at. 
lines AD, BE, CF cat the sides of the A ^^Cin D, E, F, so that 
DEF is a st line, then AE . BF. CD^AF. BD.CE; 
and since, by VL 3, 

CE:EA = CB:BA, 
sjid BF:FA=BC:CA, 
and, by VL A., 

BD:DC^BA:AC; 

.'. the equation AE.BF. CD^AF. BD . CE becomes 

BA . BC. AC=CA .BA.CB,&a identity, 

.'. D^^isast line. 

XL 17. Let A BCD be the tetrahedron, E, Fihe middle pts. o£ 
AD, BC respectively. Join DF, EC, EF, EB. 
Then aq. on 1X7+ sq. on DB=2 (sq. on DF+sq. on FG). 
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Also, sq. on DG + sq. on BB = sq. on BE + sq. on EC - 2 rect. EC, En 

+ sq. on BE + sq. on ^^ - 2 rect. Eh^ Em, 
= 2 8q.onD^+ sq.on EC+ sq. onEB-2 rect EC. En + 2 TectEByEniy 
^Ixen n, m are the feet of ± s from B on EC and ^-B. 
But BC== AB,mdBB=A 0. 

.*. sq. on DO+sq. on i>5=sq. on -4B + sq. on AC, 
=^ Ssq.on^^ + sq.on^5 + sq.on^O- 2rect.^5,-Bm' = 2rect.^C, AV, 
^^Ixcre m', »' are the feet of x s from A on BE, CE produced ; also 

Em*^Em'y and En^En\ 
D 




A Fio. tt02. 

.*. adding these two values of (sq. on 2)0+ sq. on BB), 
<8q. on D0+ sq. on BB) 

= 2 (sq. on 2>^ + sq. on EA + sq. on EC+ sq. on i^5), 
', sq. on 2>(7+ sq. on BB 

= 2 sq. on Z>J^+sq. on ^C+sq. on EB (for EA = BE) ; 
2 sq. on BF+ 2 sq. on jPO= 2 sq. on 2>J^+ sq. on EC+ sq. on ^J5, 

=2 (sq. onJD-^ + sq. on^^+sq. on FG) ; 
.'. sq. on D^=sq. on D^ + sq. on EF, 
Now BEF is a plane, and .*., by I. 48, z BEF is a rt. angle. 



1864. VI. 23. The Os ^C, ^JPare to one another in the ratio 
compounded of the two ratios AB : BB and 
€B : 5^, that is, the ratio AB.BC.BB. BE; 
it is required to show that z ABC = i BBE. 

If not, let BF' be the O which is to the 
O AC in the ratio BB.BE.AB. BC, where 
.'. BB=BB and z i>'5^ is not = l CBA, 
that is, z i)5^. 

And now construct the CJ DJ^ equiangular 
with AC, and .*. such that 

A C : BE^AB. BC : BB . BE, 
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Also, CVi' : a'B=CA : AB ; 

.-. (W : CB=CA : AB-CA. 



(VL A.) 



Hence ^« + ^=««'-Cr^.Cf^- (^j^ + ^^g^ ; 

, 2^B .BC.CA _ 2AB . BO. C^^ ^ g . p ^ 
• '*^ "■ A&-CA^ " BC^ ' BC 




Similarly, hb'=2.AB~; 



.•.aa',bb'^4AB^, 



XI. 21. Looking down from above on the bases of the pyramids, 
we see two fignres like those here shown. 

'Sow4AB==8EF; 
.-. AB=2EF, 

G 





^ A 

El Fig. 609. 

AIbo in the two sides (one fipom each pyramid) AOD, EQFy we 
have AO=OD=EQ=QF, 
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Bisect ^D injff; join OH.. Then construct the isosceles A OAK, 

having 0K= OA and ^^= AH, (I. 23.) 

Then A AOK will be equal in every respect to Q 

Now L AOK is less than z -40Jr ; ^ 

.-. 2 z J2;QJP is less than i AOD ; A^: fti ="0 

.*. sum of plane angles at Q is less than sum of l^ 

plane angles at 0. fio tfio. 




1868. VL 2. A ^I>^ : A BAE^ BD : BA, 

= BE:BC, 
=^ £^BAE:aBCA; 
.'. A BAE : A BCA=BD : BA ; p 

.'., compoimding, 

i^BDE:£^BCA=BD^:BA'^, A 




Fio. 611. 



1868. XI. 11. This rider consists of two parts — (I.) To construct 
the "least angle" in question ; (II.) To find when this " least angle" 
is greatest, and what it is. 

z .a 




Pig. 612. 

(I.) Let OF be the given line in the plane YFT, let YXY he the 
other plane, intersecting the former in the line YOY' ; it is required 
to draw from the line in the plane XOY, which makes the least 
angle with OP of all such lines drawn in tl;!^ "^Vaiift XOY . 
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Draw OZ ± to XOY \ let the plane ZOF cut the plane XOY m 
OM; from P, any pt. in OP, drop PM ± to XOY, and /. in the 
plane ZOP, and .*. meeting OM in some pt. JM"; /. iPMO is a 
right z. Draw any other line ON in the plane XOY; and draw 
PN J. to ON; jom MN 

Since PAf is x to XOY, .\ PM is ± to MN, and .'. P-?v is greater 
thaoiPM. 

Now P-^0, PAfO are two right-angled as 

?^ haying the same hypotenuse OP, and may .*. be 

^M inscribed in the same semicircle of diameter OP, 

and hence the angle opposite PN in A OPN is 

'p at once seen to be greater than the angle opposite 

F,o6l3. PMm^OPM; 

.-. L POM is less than i PON 
.*. the least angle for a given position of OP is that which lies in 
the plane through OP ± to the plane XOY. 

(II.) Draw PQ, ML \\ to YO, to meet in Q and L respectively the 
plane ZOX, which is x to YO ; join OQ, QL. Then QM is a rect- 
angle, and QL—PM. Also PQO is a right angle, and /. PO is 
greater than QO ; and MLO is a right angle, and .'. MO is greater 
than OL ; /.in the as QOL, POM, the bases QL and PM are equal, 
but the sides QO, LO are respectively less than the sides PO^ MO ; 
/. (as may easily be deduced from I. 20) i POM is, for any position 
of PO passing through 0, less than l QOL which lies in the plane 
through X to YOT. Now OP is in the plane YOP, and PQ is || 
to YO, .', QO is in the plane YOP and ± to FO ; also XO is in the 
plane XOY, and ± to YO ; .'. i QOX is the angle between the two 
given planes, and is .*. seen to be the greatest of the above-mentioned 
" least angles." 



1869. XI. 20. The rider may be proved in three similar steps. 

I. Let A'BG be a plane through BC, A' being between A and D. 
Then z ABA' + z ABC is greater than z A'BC, (XL 20.) 

and zACA'+iACB\& greater than z A'CB, (XL 20.) 

: ZABC+ iAGB-\- L ABA' + z AC A' \sgcfe^\«t^3£\ajEL l A! BO ^ l A'CB. 
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Now add z BAD+ i CAD to both sides ; then, noting that 
z BAD + L ABA = L BAD, and i CAD + z ACA'= z CAD, 
I ABC+ L ACB+ z BA'D+ z CA'D is greater than 

z ^'£C+ z ^'0B+ z BJI>+ z C^D. 
A 




B Fio. C14. C 

Add to the left-hand side z A'BC+ L A'CB+ z J5^'0=2 rt. zs, 
and to the right-hand side z ABC+ lACB+i BAC=»2 rt. zs. 
Then cancelling like terms on both sides, 
z BA'C+ z BAD+ L CA D is greater than z BAC-\- lBAD+l CAD, 

II. Let A"BD be a plane through BD, A" being between A and ; 
then, as before, 

iBA^C^ iBA"D + z C^^D is greater than z ^^'C+ z BA'D + zO^'D, 
and .*. a fortiori greater than z BAC+ z BAD+ z CMD. 

III. Let 0(72) bo a plane through CD, being between A" and jB ; 
and therefore, hj the construction of I. and II., within the tetrahedron. 
Then we find, as before, 

z BOC+ LBOD+ z COD greater than z BA^C^- z ^^'D^- z CA"D, 
and .'. a fortiori greater than z B-40+ z -B^D+ z CilD. 

1870. VL 15. Let OA, OB be the fixed lines ; AFB, A'FB two 
lines cutting off equal as AOB^ A' OB ; E, E' their middle points ; 
CED, XFYy GEU parallels to the given direction. 
Then it is required to prove that CE.ED= CE . EU. 
By similar as 

CE : XF=AE :AF) , CE' : XF=A'E : A'F ) 
ED : FY=EB:FB ] EU : FY=EB :FB)' 
.-. CE. ED : XF,FY=AE.EB : AF , FB ; 
and CE . EU : XF , FY=^A'E . E'F : A'F.FB ; 
.-. CE.ED:CE.EU=-AE.EB^ A'F.FB : A'E.E'BviAF. FB. 

=AE^xA'F . FK ; A'E^ . AE .¥B. 
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Bat, by constniction, i» AFA'= A BFR^ and .'^ by VL 15, 
AF. FA'=BF, FR, and .*. the aboTe proportion becomes 
CE.FD : CP . EU^AE^. FB^ : A'E* . AF*, 
Hence the rider is tme if 

AE : A'E=AF: FE, for then CE. ED^CE.EIf. 




D Y B D* 

Fig. 615. 

Now, HAE: AE = AF : FE, then AE : AF^A'E : FE ; 

/. AE : EF=A'E : EF (for EE=A'E) ; 

. . AE'EF:AE+EF=A'E-EF:A'E^EF, 

that is, BF : AF=A'F : FE, 

that is, BF. FE=AF. AF, 

which is true, as above, by VI. 15 ; 

,\QE,EI)^CE,ETy. 

XI. 7. Let ABCD be the tetrahedron, such that any two opposite 
edges are X to each other. From A drop a x ^iVon tlie plane BCD, 
meeting it in N, Join BX, and produce it to cut CD in E, 

Now •.' AN is X to the plane BCD, .', it is x to CD ; but, by hypo- 
thesis, AB is X to CD ; and the two lines AB, AN intersect, and .*. 
lie in one plane. .'. the plane in which they lie, xiz., ABN, is x to CD, 
and .-. CD is X to BNE (XI. Def. 3.), that is, BNE, CNC, DND 
are the xs on the sides oIlBCD ; .'.Nib the orthocentre of £^ BCD 

Again, if a sphere pass through A, B, C, and D, the plane in which 

the A BCD Jies will cut the sphere in a circle passing through B,C,D; 

lee L be the centre of this circle, anOi U), Lc, lA i.% Ixwca. I^^\i. CD^ 
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DB, BC respectively ; b,c,d being .■. the middle pts. of these sides. 
Also, bf a pToperty of the orthocentie and centre of circuniscribiagS 
of a triangle, BN=2U. In the plane ABU bisect BN in M, and 
draw MK \\ to NA ; then, by VI. %,Kis the middle pt. of BA. 

Again, the centre of the circumscribing sphere must lie in the line 
£0 through L and ± to the plane BCD. Let be the centre of the 
circnmacrihing sphere. Join KO. Let P be the orthocentre of the 
tetrahedron ; join Ph. Then it is required to prove that KO is equal 
ud parallel to Fh. 




First, to prove that £^0 is || to Ph. The proof will depend on tlie 
following almost self-evident proposition :— " If two st, lines lie one 
in each of two parallel planes, and also one in each of other two 
parallel planes d^erent &om the former two, these two st. lines MriU 
be paralleL" (See note at end of the proof.) Let O be the ortho- 
centre and J the centre of the circumscribing the A ABD ; then the 
planes KJO, COD will be ||. For KJ ia± to AB, and JO is _l to 
the plane ABD, and .'. _l to ^B ; -■. -IB is ± to fie plane KJO. 

And, as befoT«, DO and CO are each x to AB, and .'. A£ is x to 
the plane COD. Hence, by XI. 14, the planes KJO, COD are parallel 
to each other, and KO lies in the plane KJO. and Pi liea in the 
plane COD. 

Again, ■.' Mff, JV"^ are both i to the plane BCD,.'.,\>^'X.\.i&,'0*«tfj 
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are ||. Join 3fL, Nh^ then LN is evidently a ZZ7, and .'. ML is || to 
Nh. Hence, since £Af, ML are respectively || to AN^ Nh not in the 
same plane as iCM, ML^ the plane KML is j| to the plane ANh, 
(XL 15.) But XO is i. to the plwe BCD, as well as MK, and .'. 
KMLO is a plane, and is parallel to ANh, Now JfO lies in the plane 
KML, and Ph lies in the plane ANh. Therefore, by the proposition 
enunciated above, KO and Fh are parallel. 

In the plane KMLO draw OF \\ to ML, meeting £Af in F. 

Then ^Z is a O ; and i^ was shown to be one also ; 

.-. OF=ML=Nh. 

Now K^O is II to Ph, O^is || to Nh, and J'E: is || to NP. 

.'. A s JTOjP, PhN are similar, and they are also equal, for OF 
has been proved equal to Nh, and these are homologous sides, 
and/. ICO =P6. 

Note. — To prove the assumed proposition. Let A, B, C, D he 
four planes, ^ || to 0, and £ || to D; and let A, B intersect in P, 
and G, D intersect in Q ; and B, C intersect in X It is required to 
prove that P is || to Q. 

By XL 16, P is II to X ; and by the same proposition X is || to Q, 
.% by XI. 9, P is II to Q. 

1871. VI. 2. By two well-known theorems of Modem Geometry, 
(1.) Since AD, BE, CF meet in 0, 

AE .CD . BF^AF. BD .CE ; 

A 




D 
Fio. 617. 

(2.) Since E,F,GsxQm the same line, 

AE.CG.BF^AF.BG.CE; 
.'.AE.CD.BFxAF.BG.CE=AF.BD.CExAE.CG.BF; 

.-.CD.BG^BD.CG; 
/. BD-. DC =Ba -.00. 
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XL 11. Let ABGJ) be the tetrahedron ; D^T, CM two of the ±s 
meeting in 0. CM. and BN will not meet unless the planes ODJf, 
IKjN coincide, that is, unless DAT when produced meets CN when 
produced in one and the same point L in 
AB, Now the coincidence of these two 
planes, and the perpendicularity of AB 
to the coincident planes (for DN is ± 
to ABy and CM is also ± to AB)^ are co- 
extensive conditions, and .'. the ±s CM, 
DiV will not meet unless AB be x to 
their common plane CLD^ that is, unless fi^ [J^ 

DI^-I>A^^L&-LA\ This condition Fio. Cis. 

might also be expressed under the form unless C^ - CA^=LB^ - LA^, 
Either of these conditions is necessary, and if the one holds the other 
must hold also. 

However, the pt. L is undetermined ; we may then use these two 
conditions to get rid of reference to the pt. L ; doing this, the condi- 
tions become the single condition C&- CA^=DB^-DA^, that is, 
BC^ + DA^ =AC^ + BD^. Hence the given condition is necessary. 

It is also Buffident, For suppose a point L constructed for the ± 
DN, and a point L for the ± CM ; then from the condition would 

while from these constructions would 

CJ52 - CA^-=L'B^ - UA\ and hW - DA^=LB^ - LA% 
.\1!B^-L'A^=LB^-LA\ 
Now, by the axiom that the whole = sum of the parts, 

.\LB + L'A = LB + LA', 
r.LB-LA^LB-LA; 
.'. 2 LB=2 LB ; 
.*. L and L' are the same point, .*. the plane CDNL coincides with 
the plane DCML', and .*. the xs CAT, DN intersect. 

Cor. I. It may be noticed that when two ±s CM, DN intersect, 
their plane is x to the line of intersection of the two faces to which 
each is ± ; but CD is in this plane, and AB is the line of intersection 
of these two faces. Hence, when the ±s intersect, the opposite edges 
are perpendicular. 

Cor. II. When the ±s intersect, N is the orthocentre of the a ABC, 
M that of the A ABD. 

O 
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l-7i VL i Let F€F bt iIk ?, A^ the sL Hne, O die pt : 
.K toe jEiTca nsiai. 

Dkav 03r _ to 3ri9, cutting it in ^^ 
and prodnee 3rO to X, ao tint 

-nmngh Xdim^ XFP '\ to -^ft to 
cut the S in P and P*. 

Dim» PO^, FOq to cot the given 
5t.li]ieinQandQ^; thaiPag,P'Og 
are €9di cot br O in the ntio n : m. 
•• i ^ ForXPis toXft 
^^ ^- ^nd.-.PO: OQ-=XO : OX^nim, 

Hence the cmstmction is pn>Ted when O divides PQ itUemaUy in 
the given ntio. 

The annexed fignze shows O dhridii^ QP exUmaUy in the ^ven 
latia In each case there are seen to be two sofaitiQns except in the 





Q fto. «3o. Qt N 

limiting positions, when the two coincide, i.«. when XPP is a 
tangent to the . 

The next figore shows the possibility of four solutions, two internal and 
two external, when lies between the two tangents to the , ||^to NQ. 
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The same leasoniDg holds for the cases in which lies within 
the ©. 

It may be noticed that for a given 
position of X and a given value of 
m : rij two positions of may be 
found. Thus, in this fourth figure, 
take ON : OX=m : n and two lines 
Bxe found, of which POQ is one. 
Again, take (/X : NO '^m -.n, and 
other two lines may be found, of 
which FC/Q^ is one. 

For the limits of the ratio m : n there will be three cases to' con- 
sider. 

Draw CA, DB tangents || to the given line, cutting NO in A and B 
respectively. 

Case I. When lies between N and -B, X must lie between B 
and A, and .*. if we take NO : OX=m : n, we must have OX equal 
to or givater than OB, and less than or equal to 0-4, .'. NO : OX is 




N 

Fig. 622. 





D 



B 



N 



Fio. 623. 

equal to or less than NO : OB, and greater than or equal to NO : OA, 

that is, m :n must not exceed the limits NO : OA and NO : OB, 

Case II. When lies between B and A, then as before X is also 

between B and A, and OX must be equal to or less than OB, 

or ) 
, > equal to or less than OA ; that is, m : n=NO : OX is equal to 

or ) 
or greater than NO : OB, , [ equal to or greater than NO : OA ; 
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that h, mm must not be less for external section than NO : OB, 
and not less for internal section than NO : OA, 

Case III. When lies further from N than -4, then OX must be 
equal to or greater than OA, and less than or equal to 0B\ that is, 
m : n^NO : OX must be equal to or less than NO : OA, and greater 
than or equal to NO : OB ; that is, m : n must not lie beyond the 
Umits NO : OA and NO : OB. 

The point might also lie on the other side of NQ firom that on 
which the circle lies. This case is included in the former cases ; and 
the limits of the ratio m : n=NO : OX are NO : OA and NO : OB. 




XL 20. Part I. ABCD is the tetrahedron ; AB=CD; BD^CA; 
and AD is common to A s ABD, DCA ; 

.-. I. ABD = L ACD, (1.) 

Similarly, z ABC = z ADCy and z DBG ^ iDAC. (2.) 

Now by XI. 20, any two of the zs at £ 
are together greater than the third. Let 
zs ABDy DBG be together greater than 
z GBA, that is, by what has been proved, 
z AGD + z DAG is greater than z -4D0, 
t.e. the three zs AGD, CD A, and D-40 are 
together greater than 2 z (7D-4 ; 
Q Q or, 2 z GDA is less than 2 rt. zs ; 

p,o. 624 •*• ^ CD-i is less that a rt. z. 

The same holds for all the other plane zs. 

Therefore each of the four triangles ABC, AGD, ADB, BCD is 
acute-angled. 

Part II. Let the four equal and similar 
acute-angled as be laid in one plane, as 
in the diagram, thus (the order of the 
letters indicating the equal sides), BDC, 
A'GD, DBA", GA"'B. 

A little consideration will show that 
this is the only possible relative position 
of the A s. For evidently the side BD of 
BDA" must lie along and coincide with 
BD of the A BDC. Suppose BD of BDA'' were reversed, then the 
side BA'' (on an attempt to ioim t\ift \fc\.TOJ[i^^wti^ ^^wld have to 
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coincide with DA', to which it is not equal. Therefore this is the 
only relative position. The only condition to which the three plane 
angles containing a solid angle are subject is (XI. 20) that any two 
are together greater than the third. Now if BDC be not acute- 
angled, let BDC be the angle greater than a right z ; then l A"DB 
is greater than a right z, and the zs BDC, DCB, i,t, zs BDC and 
CD A', are together less than a right z, and therefore less than 
L A"DB, Hence three such zs cannot enclose a solid z, and .*. the 
four equal and similar as must be acute-angled. 

When this is the case, let the as A"BD, BDC, CD A' be so placed 
that DA" coincides with DA', and since DA"=DA', .'. A" will 
coincide with A'; call this point A. Then we have BA, AC in one 
plane, and .'. BC in the same plane ; and .*. BCA is a plane a, and 
BA=:BA'", CA^^CA'", and BC is common to the two as BCA, 
EGA'", and so a BCA'" may be made to have its sides respectively 
coinciding with the sides of a BCA, that is, BA with BA'", and CA 
with CA'", and as these sides are equal. A'" will coincide with A. 
Hence four equal and similar acute-angled triangles can be made into 
a tetrahedron. 
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English History. A strictly chronobgical arrangement of history disttacts the reader's 
attention from one subject to another. Though England's progress has to be studied by 
reading her history as a whole, yet clearness is gained on many points b^ a separate 
survey of some important line of advance. The treatment of the subjects in this scries 
will tie adapted for the use of students who have abready mastered the general outline of 
English History, but wish for more connected information with regard to some special 
pcnnt. Each part will be complete in itself, and will treat of its own subject without 
reference, except where necessary, to the general course of events. 

Greek Passages adapted for practice in Unseen 

Translation. Intended for the use of Middle and Higher Forms 
of Schools, and for University and other Students. By Arthur 
SiDGWiCK, M.A., Fellow of Corpus Christi Collie, Oxford; IcUe 
Assistant Master at Eugby School, and Fellow of Trinity College, 
Cambridge, [In preparation, 

A Latin-English Dictionary for Junior Forms of 

Schools. By C G. Gefp, M.A., Assistant Master at Bradfield 
College, i6mo, [In the press. 

Bacon's Elssays. Complete Edition. By Francis Storr, P 

Forming a Volume of '* English School Classics." Small 8^ 
Ur 

Waterloo Place, ijouOioiVr 



MESSRS. RIVINGTON'S 



KEYS 

KEYS are published to the following Educational Works ^r the use Oj 
Tutors only. They can only be obtained by direct application to th 
Publishers, who will send a printed Form, to be filled up by the Tuto 
requiring the Key. They cannot be supplied through Booksellers. 

Nett Price of the Key. 
Abbott's Arnold's Greek Prose Composition 
Ainger's Clivus. Parts I. and II. . 
Arnold's Henry's First Latin Book . 

Second Latin Book . 

First Verse Book 

Latin Prose Composition. Part I. 

First Greek Book 

Greek Prose Composition. Part I. 

Bennett's First Latin Writer . . . 

Second Latin Writer . 

Easy Latin Stories for Beginners 

Second Latin Reading Book 

Passages for Latin Unseen Translation 



Bradley's Aids to Writing Latin Prose 

Arnold's Latin Prose Coniposition 

Gepp's Arnold's Henry's First Latin Book 

Exercises in Latin Elegiac Verse 

Heatley and Kingdon's Gradatim 

Excerpta Facilia 



Heatley's Graecula 
MoR ice's Arnold's First Greek Book 
Raven's Latin Grammar Papers 
Ritchie and Moore's Greek Method 
Ritchie's First Steps in Latin . 
Sargent and Dallin's Materials and Models for Latin 

Composition. Latin Version, ii 6 Selected 



s. 
3 

3 
1 

2 
I 
I 
I 
I 

5 
5 
5 
5 
3 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 

3 

Prose 

Pieces 5 



Greek Prose Composition. Greek Version. 92 Pieces 

Sidgwick's First Greek Writer .... 

Greek Prose Composition ... 

SlDGWiCK and Morice's Greek Verse Composition 

Keys to the following are sold to the Public without restriction, 

Arnold's First German Book . 

First French Book 

First Italian Book 

First Hebrew Book . 



Smith's (J. Hamblin) Elementary Algebra 

Arithmetic. 

. Geometry .... 

• — Statics and Hydrostatics 

T-* Trigonometry . 

: — Latin Prose Composition . 

S PRATT AND Pretor^s Latin and Greek Translation at Sight 



7 
5 
5 
5 



2 
2 
I 

3 

9 

9 
8 

6 

7 

5 
o 
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ENGLISH 

Select Plays of Shahspere. rugby edition. 

With Introduction and Notes to each Play, Small Zvo, 

As You Like It. 2j. King Lear. zs. 6d. 

Hamlet. 2j. 6d, Macbeth. 2s, 

Romeo and Juliet. 2s. King Henry the Fifth. 2s. 
A Midsummer Night's Dream, is. King John. 2s, 

Edited by C. E. MoBERLY, ^l.k,^ formerly Scholar of Balliol College^ 
Oxford, 

Coriolanus. 2s. 6d. Edited by Robert Whitelaw, M.A., Assistant 

Af aster at Rugby School, 

The Tempest. 2s, Edited by J. SURTEES Phillpotts, M.A., 
Head Master of Bedford Grammar School, 



Small 2/z/o, 2s, 

Shakspere'S Othello. WUH introduction and Notes. Edited by 
E. K. P URN ELL, M.A., Assistant Master at Wellington College, 

Highways of History, a Senes of volumes on portions 

of English History, by various ^%Titers. Edited by IjyviSE Creighton, 
Author of " A First History of England," &c. Small 2fvo. 

The Government of England, u. t^d. 

The Connection between England and Scotland. 

The History of Religion in England. 

The Relations of England with Foreign Powers. 

England and Ireland, is, 6d. 

The Social History of England. 

The Growth of the English Colonies, i^. 6d, 

Waterloo Place, Loxidoiv* 
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English School Glassies 

PPitA Introductions, and Notes at the end of each Book, 
Edited by FRANCIS STORR, B.A., 

CHIEF MASTER OP MODERN SUBJECTS AT MERCHANT TAYLORS* SCHOOL. 

Smalt ^0, 

Thomson's Seasons : Winter, mth introduction to the Series, 
by the Rev. J. Franck Bright, D.D., Master of University 
College, Oxford, \s, 

Cowper*S Task, z;^ Francis Storr, B. A. 2j. 

Books I. and II., 9</. ; Books III. and IV., gdT. ; Books V* and VI., 9<f. 

Cowper'S Simple Poems, with Life of the Author. By 
Francis Storr, B.A. ij. 

Scott's Lay of the Last Minstrel. By J. Surtees Phill- 

POTTS, M.A., Head Master of Bedford School, 2s, 6d, 
Canto I., gd, ; Cantos II. and III., 9^^ ; Cantos IV. and V ,gd.; Canto VI., gd. 

Scott's Lady of the Lake. By R. W. Taylor, M.A., Bead 

Master of Kelly College, Tavistock. 2s, 
Cantos L and II., gd. ; Cantos III. and IV., gd. ; Cantos V. and VI., gd. 

Scott's Marmion. By F. S. Arnold, M.A., Assistant Master 
at Bedford School, [In preparation. 

Notes to Scott's Waverley. By H. W. Eve, M.A.^ Head 
Master of University College School, London, is. ; or with the Text, 
25, 6d, 

Bacon's Essays. Complete Edition. By Francis Storr, B.A. 

[In the press. 

Twenty of Bacon's Essays. By Francis Storr, b.a. is. 

Simple Poems. Edited by W. E. Mullins, M.A., Assistant 
Master at Marlborough College, %d. 

Selections from Wordsworth's Poems. By h. h. 

Turner, B.A., lale Scholar of Trinity College, Cambridge, u* 

Wordsworth's Excursion : The Wanderer. By H. H. 

Turner, B.A. is. 

Milton's Paradise Lost. By Francis Storr, B.A. Book I., 
9</. Book II., 9^. 

Milton's L' Allegro, II Penseroso, and Lycidas. By 

Edward Storr, M. A., late Scholar of New College, Oxford, \s. 

Selections from the Spectator. By Osmond Airy, M.A., 

/ate Assistant Master at Wellington College, is. 

Waterloo Place, I-oti^otlu 
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Browne's ReligiO Medici. By W. P. Smith, M. a., Assistant 
Master at Winchester College, \s. 

Goldsmith's Traveller and Deserted Village. By c. 

San KEY, M.A., Head Master of Bury St, Edmund* s Grammar 
School, is. 

Extracts from Goldsmith's Vicar of Wakefield, By 

C. San KEY, M.A. is. 

Poems selected from the Works of Robert Burns. 

By A, M, Bell, M.A., Balliol College, Oxford, 2s. 

Macaulay's Essays. 

MOORE'S LIFE OF BVRON. -5y Francis Storr, B. A. gd. 
BOSWELL'S LIFE OF JOHNSON. By Francis Stork, 

B.A. gd, 
HALLAM'S CONSTITUTIONAL HISTORY. By H. F. 

Boyd, late Scholar of Brasenose College, Oxford, is, 

Southey's Life of Nelson. By w. E. Mullins, m.a. 2s, 6d 
Gray's Poems. Selection from Letters, with Life 

by Johnson. By Francis Storr, B.A. is. 



New Edition. Small %vo, 2s, 6d, 

The Rudiments of English Grammar and Com- 
position, By J. Hamblin Smith, M. A., ofGonville and Caius 
College, and late Lecturer at St, Peter* s College, Cambridge, 

Small %vo, is. 6d, 

A Primer of English Parsing and Analysis. By cyril 

L. C. Locke, M.A., Assistant Master at Clifton College, 

Small %vo, IS. 6d, 

The Beginner's Drill-book of English Grammar. 

Adapted for Middle Class and Elementary Schools. By James 
Burton, B.A., First English Master in the High School of the 
Liverpool Institute, 

Small %vo, 2s. 6d, 

A Practical English Grammar. For schools and coi- 

leges, and for Students preparing for examinations. By the Rev. 
W. Tidmarsh, B. a., late Head Master of Putney School, 

Small %vo. 2s, 6d, 

Short headings in English Poetry. Arranged, with 

occasional Notes, for the use of Schools and Classes. Edited by 
H. A. Hertz. 



Waterloo Place, I^otvOlotv. 



8 MESSRS. RIVINGTON'S [HXSTOST. 



HISTORY 

IVifA Maps and Plans, Neiu Edition, Revised, Crown ^o, 

A History of England, By the Rev. j. franck bright, d.d., 

Master of University Colle^^ Oxford^ and late Master of the Moderti 
School at Marlborough College, 

Period I.— MEDIAEVAL MONARCHY : The departure of 
the Romans, to Richard III. From a.d. 449 to a.d. 1485. 
4r. 6d, 

Period II.— PERSONAL MONARCHY: Henry VII. to 
James II. - From a.d. 1485 to a.d. 1688. 5J. 

Period III.— CONSTITUTIONAL MONARCHY: William 
and Mary, to the present time. From A.D. 1689 to A.D. 1837. 
^s, 6d, 

Crown ^0, 6s, 

The Rise of Constitutional Government in England. 

By Cyril Ransome, M.A., Professor of Modern Literature and 
History^ Yorkshire College, Leeds, 

With Maps and Illustrations, Croiun Svo, 

A History of England for Schools. By f. york- 

Powell, M.A., Lecturer at Christ Church, Oxford ; and J. M. 
Mack AY, M.A., Master of the English Department in the High 
School^ Edinburgh, [In the press 

Second Edition, With Forty Illustrations, idnio, 2s. 6d, 

A First History of England. By louise creighton, 

Author of " Life of the Black Prince," " Sir Walter Ral^h," &c 
l^ith numerous Illustrations, Royal i6mo. 3^. 6d. 

Stories from English History. By louise creighton, 

Author of "A First History of England," "Life of the Black 
Prince," &c. 

New Edition, iSmo, is. 6d, 

A History of England for Children. By george davys, 

I),!),, formerly Bishop of Peterborough, 



Waterloo Place ^ 1.0x1^0x1. 
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Historical Handbooks. Edued by oscar browning, 

M.A., Fellow of King^ s College^ Cambridge, 

Crown Svo, 

English History in the XlVth Century. By Charles 

H. Pearson, M.A., late Fellaiv of Oriel College, Oxford, y, td. 

The Reign of Lewis XI. By P. F. Willert, M.A., Fdlow of 

Exeter College, Oxford, With Map. 3J. td. 

The Roman Empire, a.d. 395-800. By A. M. Curteis, 

M.A. With Maps, y, 6d, 

History of the English Institutions. By Philip v. 

Smith, M. A., Fellow of King* s College, Cambridge, y, 6d, 

History of Modern English Law. By^ix R. K. Wilson, 

Bart., M.A., late Fellow of King^s College, Cambridge, y. 6d, 

History of French Literature. Adapted from the Fretuh of 

M. Demogeot, by C. Bridge. 3^. 6d, 



. Crown $vo. 

A History of the fiomanS. For the use of Middle Forms 
of Schools. By R. F. Horton, M.A., Fellow and Lecturer of 
New College, Oxford, [/» the press. 

Crown %vo, 'js. 6d. 

Chapters in the History of English Literature. 

From 7509 to the close of the Elizabethan Period, 

By Ellen Crofts, Lecturer at Newnham College^ Cambridge, 

Crown %vo, yj. dd, 

EccleSia Anglicana. a History of the church of Christ in 

England from the earliest to the present times. By Arthur 

Charles Jennings, M.A., Jesus College, Cambridge; Vicar of 

Whittlesford, 

Second Edition, Revised, Crown %vo, is, 6d, 

History of the Church under the Roman Empire, 

A.D. 30-476. By tAe Rev. A. D. Crake, B.A., Vicar of Haven 
Street, Ryde, 

Waterloo Place, 1-oxvdoTia 
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Historical Biographies. Edued ^ the Rev. m 

Creighton, M. a., LL.D., late Fellow and Tutor of Aferton ColUge, 
Oxford, ^.^^ j^^p^ ^^^ pj^^^ ^^^^^ g^^^ 

Simon de Montfort. By M. Creighton, M. A., LL.D. 2j. 6^/. 
The Black Prince, By Louise Creighton. zr. 6^. 
Sir Walter Ralegh. By Louise Creighton. y, 
Oliver Cromwell. By F. W. Cornish, M.A. 3J. 6d. 
The Duke of Marlborough. By Louise Creighton. 3j. 6d. 
The Duke of Wellington. By Rosamond Waite. 31. 6^. 



Second Edition, Crown 2ivo. 6s, 

A Handbook in Outline of the Political History of 

England to 1882. Chronol^cally arranged. By A. H. 
Dyke Acland, M.A., Christ Churchy Oxford^ and Cyril Ran- 
SOME, M. A., Professor of Modem Literature and History^ Yorkshire 
College, Leeds, 

Crown Svo, Paper caver, \s. Cloth limp, is, 6d, 

A Handbook in Outline of English Politics for the 

Last Half Century. Extracted irom "A Handbook of English 
Political History." With Appendices on the Reform Bills, Dis- 
franchised and Enfranchised Boroughs, &c. By A. H. Dyke 
Acland, M.A., a/k/ Cyril Ransome, M.A. 

Small ^0, is. 6d, 

A Skeleton Outline of the History of England, 

being an abridgment of a Handbook in Outline of the Political 
History of England. By A, H. Dyke Acland, M. A., and Cyril 
Ransome, M.A. 

Small Svo, 2s, 6d, 

A Skeleton Outline of Greek History, chronoiogicauy 

arranged. By Evelyn -Abbott, M.A., LL.D., Feilow and Tutor 
of Balliol College, Oxford, 

Small $vo, 2s, 

A Skeleton Outline of Roman History, chronologically 

arranged. By P. E. Matheson, M.A., Fellow of Netv College, 
Oxford, 

Waterloo Place, \.otv^«v. 
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SCIENCE 

Third and Enlarged Edition, With Ulusiraiions, * ^o, '2ls» 

Physical Geology for Students and General 

Readers, By a. H. Green, M.A., F.G.S., Professor of Geology 
in the Yorkshire College of Science, Leeds, 

Crown %vo, 2s, 6d, 

Elementary Course of Practical Physics. By a. m. 

WoRTHiNGTON, M.A., r.R.A.S., Assistant Master at Clifton 
College, 

New Edition^ Revised. With Illustrations, Crown Svo, 2s, 6d, 

An Easy Introduction to Chemistry. Edued by the 

Rev. Arthur Rigg, M.A., and Walter T. Goolden, M.A., 
Lecturer in Natural Science at Tonbridge School, 

Second Edition, With Illustrations, Crown Sz^o, ^s, 

A Year's Botany. Adapted to Home and School Use. By 
Frances Anne Kitchener. Illustrated by the Author. 

With Illustrations, Medium Sz'O, 

Votes on Building Construction. 

Arranged to meet the requirements of the syllabus of the Science 
and Art Department of the Committee of Council on Education, 
South Kensington. 

Part I.— FIRST STAGE, or ELEMENTARY COURSE. Second 
Edition. With 325 woodcuts, los. 6d, 

Part II.— COMMENCEMENT OF SECOND STAGE, or 
ADVANCED COURSE. Second Edition. With 300 
woodcuts, I or. 6d, 

Part III.— ADVANCED COURSE. With 188 woodcuts, 21s, 

Report on the Examination in Building Construction, held by the ScibncS 
AND Art Department, South Kensington, in May, 1875. — " The want 0/ a text- 
hook on this subject f arranged in accordatice with the published syllabus^ and therefore 
limiting the students and teachers to the prescribed course^ has lately^ been well met by 
a work published by Messrs. RrtnngionSf entitled * Notes on Building Construction,' 
arranged to meet the requiretnents of the Syllabus of the Science artd Art Department 
of the Committee ofCouttcilon Education^ South Kensington." 

{Signed) H. C. Seddon, Major R.E. 

yune 18, X875. [Instructor in Construction and Estimating at the 

School of Military Engineerings Chatham.\ 

I I . - I I ■ ' — * —'^ ■■ ' ■ ■ — L- 1 I ■ 
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MATHEMATICS 

Riuington's Mathematical Series. 

Small ^0, y, WUhotit Anrivers^ 2s. 6d, 

Elementary Algebra. By j. Hamblin Smith, m.a., of 

Gom/ille and Caius College^ and lale Lecturer in Classics at St, Peter s 
College^ Cambridge. 

Also an Edition especially prepared to cover the ground required 
by the Regulations for the University Examinations in India. 3^. 
A Key to Elementary Algebra, qj. 

Small %vo, 2s, 6d, 
Exercises on Algebra. By], Hamblin Smith, M.A. 
(Copies may be had without the Answers.) 

Crown %vo, %s. 6d, 

Algebra, part n. By E. j. Gross, M.A., jFelltno of Gonville 
and Caius College^ Cambridge^ and Secretary to the Oxford and 
Cambridge Schools Examination Board, 

Small ^0, 3J. 6d, 

A Treatise on Arithmetic. By], Hamblin Smith, m.a. 

(Copies may be had without the Answers. ) 

A Key to Arithmetic. 9j. 

Smail Svo, 4s, 6d, 

Elementary Trigonometry. By j. Hamblin Smith, m. a. 

A Key to Elementary Trigonometry. 7^. 6d. 

Crown $z/o. 5j. 6d. 

Kinematics and Kinetics. By E. j. Gross, m.a. 

Crozvn Svo, 4s. 6d. 

Geometrical Conic Sections. By G. Richardson, m.A., 

Assistant Master at Winchester College, 

Small ^0. 3J. 

Elementary Statics. By], Hamblin Smith, m.A. 

Small ^o, 3J. 

Elementary Hydrostatics. By j. Hamblin Smith, m. A. 

Crown Svo. 6s, 

A Key to Elementary Statics and Hydrostatics. 

By J, Hamblin Smith, M.A. 

Waterloo Place, Vetv^cstv. 
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Small %vo. y. 6d, 

Elements of Geometry. By], hamblin Smith, m.a. 

Containing Books I to 6, and portions of Books 11 and 12, of 
Euclid, with Exercises and Notes, arranged with the Abbreviations 
admitted in the Cambridge University and Local Examinations. 
Books I and 2, limp cloth, is. 6cl., may be had separately. 

Crown Svo, 8j. 6(1. 

A Key to Elements of Geometry. By J. Hamblin 

Smith, M.A. 

Small Svo. is. 

Book of Enunciations for Hamblin Smith's Geo- 
metry, Algebra, Trigonometry, Statics, and Hydro- 
statics. 

Small Svo. 3J. 

An Introduction to the Study of Heat. By], Hamblin 
Sm-ith, M.a. 



Crown Svo. $s. 

Companion to Algebra, with numerous Examples. By L. 

Marshall, M.A., Assistant Master at Charterhouse, 

Contents.— Elementary Formulae and Results— G. C. M., L. C M., etc.— Evolution 
—Equations — Ratio, Proportion, and Variation — Indices, Surds, and Imaginary Quantities 
— Progressions — Permutations, Combinations, and Probabilities — Scales of Notation and 
Properties of Numbers — Binomial Theorem — Continued Fractions— Convergence and 
Divergence of Series — Indeterminate Co-efficients, and Partial Fractions— Summation 
of Series — Indeterminate Equations — General Theory of Equations — Miscellaneous 
Problems. 

CroTdun %vo. 6s, 

The Principles of Dynamics. An Elementary Textbook 
for Science Students. By R. Wormell, D.Sc, M.A., Head 
Alaster of the City of London Middle- Class School, 

Small %vOi 3J. 6d, 

Army and Civil Service Examination Papers 

in Arithmetic, including Mensuration and Logarithms. With Arith- 
metical Rules, Tables, Formulae and Answers, for the use of 
Students preparing for Examination. By the Rev. A. Dawson 
Clarke, M.A., St. Johns College, Cambridge, 

New Edition, Revised. Crown Svo. 6s. 6d, 

Arithmetic, Theoretical and Practical. By w. h. 

GiRDLESTONE, M. A., of Christ*s College, Cambridge, 
Also a School Edition. Small S/vo, y, 6d, 

Waterlod Place, l-oivAoix*s 
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Latin Composition Books. 

Bennett's First Latin Writer, /. 15. 

First Latin Exercises, /. 15. 

Second Latin Writer, /. IK. 

Ritchie's First Steps in Latin, /. 16. 
Dawe's Beginners Latin Exerdse Book, /. 16. 
Arnold's Henry's First Latin Book, /. 18. 
Gepp's Arnold's Henry's First Latin Book, /. 18. 
Prowde Smith's Latin Prose Exercises, /. 19. 
Hamblin Smith's Latin Exercises, /. 19. 
Arnold's Latin Prose, /. i8. 
Bradley's Arnold's Latin Prose, /. 18. 

Aids to Latin Prose, p. 18. 

Sargent and Dallin's Materials, p. 20. 

Greek Composition Books. 

Sidgwick's First Greek Writer, /. 23. 
Arnold's First Greek Book, /. 23. 
Morice's Arnold's First Greek Book, /. 23. 
Ritchie and Moore's Greek Method, /. 22. 
Arnold's Greek Prose, /. 24. 
Abbott's Arnold's Greek Prose, /. 24. 
Sidgwick's Greek Prose, /. 23. 
Sargent and Dallin's Materials, /. 25. 

Latin Reading Books. 

Bennett's Easy Latin Stories, /. 15. 

Viri lUustres, /. 2. 

Second Latin Reading Book, /. 15. 

Selections from Vergil and Caesar, /. 15, 

Ritchie's Preparatory Latin Reader, /. 2. 
Heatley and Kingdon's Gradatim, /. 16. 

Excerpta Facilia, /. 16. 

Taylor's Stories from Ovid, /. 19. 

Greek Reading Books. 

Heatley's Graecula, /. 22. 

Morice's Stories in Attic Greek, /. 26. 
Phillpott's Stories from Herodotus, A 25. 

Moore's Selections from Thucydides, /. 2. 

Abbott's Selections from Lacian, p, 25. 

Moberly's Alexander the Great, /. 26. 

Sidgwick's Scenes from Greek Plays, /. 26» 

Latin and Greek Unseen Translation. 

Bennett's Easy Latin Passages, /. 16. 

Turner's Latin and Greek Passages, /. 2. 

Sargent's Latin Passages, /. 20. 

Spratt and Pretor*s Latin and Greek Passages, p. 20. 
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LATIN 

New Edition^ Revised. Crown $vo. 3^. 6d. 

First Latin Writer, comprising Accidence, the Easier Rules of 
Syntax illustrated by copious Examples, and progressive Exercises 
in Elementary Latin Prose, with Vocabularies. By G. L. 
Bennett, M. A., J/ead Master of Sutton Valence School, 

A Key for the use of Tutors only. 5j. 

Crown Svo. 2s. 6d, 

First Latin Exercises, Being the Exercises, with Syntax 
Rules and Vocabularies, froiii a " First Latin Writer." By G. L. 
'Bennett, M.A. 

Crown Svo. is. 6d. 

Latin Accidence. From a "First Latin Writer." By G. L. 
Bennett, M.A. 

Second Edition, Crown Svo. 3J. 6d. 

Second Latin Writer, By G. L. Bennett, M. a., Head Master 
of Sutton Valence School. 

A Key for the use of Tutors only. 51: 

New Edition^ Revised. Crown Svo. 2s, 6d, 

Easy Latin Stories for Beginners. By g. l. bennett, 

M.A., Head Master of Sutton Valence School. With Vocabulary 
and Notes. 

A Key for the use of Tutors only. 5j, 

Crown Svo. 2s, 6d, 

Second Latin Reading Book. Forming a continuation of « Easy 
Latin Stories for Beginners." By G. L. Bennett, M.A., Head 
Master of Sutton Valence School. 

A Key for the use of Tutors only. 5^. 

Sitmll Svo. 2s. 

Selections from Caesar. The Gallic War. with 

Preface, Life of Caesar, Text, Notes, Geographical and Bio- 
graphical Index, and Map of GauL By G. "L. Bennett, M.A., 
Head Master of Sutton Valence School. 

Small Svo. u. 6d. 

Selections from the Aeneid of Vergil, with intro- 
duction, Notes, &c. By G. L. Bennett, M.A., Head Master of 

Sutton Valence School. 

Waterloo Place, IjohOlou^ 
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l6mo. Paper capers^ is,; or cloth^ ix. 4//. 

Easy Graduated Latin Passages. For Translation into 

English, for use in Schools as Unseen Pieces. By G. L. Bennett, 
M. A., Ilead Master of Sutton Valence School. 

This book contains 256 pieces, the earlier portion beii^ short sentences, the remainder 
consisting of graduated continuous pieces, including some of easy verse. 

A Key for the use of Tutors only. 3^. dd. 
Small %vo, IS, 6d. 

Latin Grammar and Junior Scholarship Papers. 

By J. H. Raven, M.A., Head Master of Fauconberge School, 
Beccles, Suffolk. 

A Key for the use of Tutors only. 5j. 

Small Szv. 2x. 

Easy Latin and Greek Grammar Papers. For the 

use of Public and Private Schools. Prepared by H. R. Heatley, 
M. A., Assistant Master at Hillbrom School, Rugby, 

Second Edition, Crown ^o, is, 6d, 

First Steps in Latin. By F. Ritchie, M.A., The Beacon, 
Sevenoaks, and late Assistant Master in the High School, Plymouth, 
A Key for the use of Tutors only. 3/^ dd. 

New Edition, Small Svo. is, 6d, 

Gradatim. An Easy Translation Book for Beginners. With Vocabu- 
lary. By H. R. Heatley, M.A, Assistant Master at Hillbraw 
School, Rugby, and H. N. KiNGDON, B.A., Head Master of Dor- 
chester Grammar School, 

A Key for the use of Tutors only. 5^. 

. Second Edition. Small %vo, 2s, 6d, 

ExCerpta Facilia. a second Latin Translation Book, containing 
a Collection of Stories from various Latin Authors, with Notes at 
end, and a Vocabulary. By H. R. Heatley, M.A., Assistant 
Master at Hillbrow School, Rugby, and. H. N. Kingdon, B.A, 
Hecui Master of Dorchester. Grammar School. 

Copies may also be had without the Vocabulary. 

A Key for the use of Tutors only. 5^. 

Second Edition. Crown Suo, is, 6d, 

The Beginner's Latin Exercise Booh. Aflfording Pracsce, 

oral and written, on Latin Accidence. With Vocabulary. By C. 
J. Sherwill Dawe, B.A., Lecturer and Assistant Chaplain at St, 
Mark^s College, Chelsea, 



Waterloo Place ^ \-oiv^oTi.\ 



LATIN.] EDUCATIONAL LIST. 17 

iSmo. 
LQIin I 6XtS, For use in schools, &c 

THE AENEID OF VERGIL. Books I. II. III. IV. V. VII. 
VIII. IX. 2d. each. Books VI. X. XI. XII. y. each. 

THE GEORGICS OF VERGIL. Books I.-IV. 2d. each. 

THE BUCOLICS OF VERGIL. 2d. 

VorgiL The Bucolics, Georgics, and ^Eneid in One Volume. 2s. 6d. 

CAESAR DE BELLO G ALLICO. Books I. V. VII. VIII. 3^. each. 
Books II. III. IV. VI. 2d. each. 

Caesar De Bello GallicO. Ih One Volume, is. 6d. 

Crown %vo. On a cardy ^. 

Elementary Rules of Latin Pronunciation. By 

Arthur Holmes, M.A., late Senior Fellow and Dean of Clare 
College^ Cambridge. 

Sixth Edition. Crown Svo» 3^. 6d. 

Progressive Exercises in Latin Elegiac Verse. 

By C. G. Gepp, M.A., Assistant Master at Bradjield College. 
A Key for the use of Tutors only. 5^. 

Twelfth Edition. \2mo. 2s. 

A First Verse Book. Being an Easy Introduction to the Mechan- 
ism of the Latin Hexameter and Pentameter. By Thomas Ker- 
CHEVER Arnold, M.A. 

A Key for the use of Tutors only. is. 

Crown Svo. 

LI ID US, Elementary Exercises in Latin Elegiac Verse. By A. C. 
AiNGER, M. A., Assistant Master at Eton College. 

Part I. 2s. 6d. Part II. 2s. 6d. 

A Key for the use of Tutors only. 3J. 6d. 

Crown Svo, 3^. 6d, 

An Elementary Latin Grammar. By], hamblin smith, 

M.A., of Gonville and Cains College^ and late Lecturer in Classics at 
St. Feter^s College^ Cambridge. 

Waterloo Place, 1-oxvOloxv* 
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Twenty-sixth Edition, i2mo, y. 

Henry's First Latin Booh. By t. k. Arnold, m.a. 

A Key for the use of Tutors only. is. 
New Edition f Revised, \2.mo, y, 

Arnold's Henry's First Latin Book. By c,g,gktv,m,a„ 

Assistant Master at Bradfield College^ Author of " Progressive Elxer- 
cises in Latin Elegiac Verse." 

A Key for the use of Tutors only. 5j. 
Twentieth Edition. Svo. 6s. 6d. 

A Practical Introduction to Latin Prose Compo- 
sition. By Thomas Kerchever Arnold, M.A. 
A Key for the use of Tutors only. is. 6d. 

New Edition, Revised. Crown Svo. $s. 

Arnold's Practical Introduction to Latin Prose 

Composition. By G. Granville Bradley, D.D., Dean of 
Westminster, late Master of University College, Oxford, and formerly 
Master of Marlborough College. 

A Key for the use of Tutors only. ^s. 
Crown Svo. 5j. 

Aids to Writing Latin Prose, containii^ 144 Exerdses, 

, with an Introduction comprising Preliminary Hints, Directions, 
Explanatory Matter, &c. By G. G. Bradley, D.D., Dean 
of Westminster, and T. L. Papillon, M.A., Fellow and Tutor of 
New College, Oxford. 

A Key for the use of Tutors only. 5j. 

Crown Svo. 

The Aeneid of Vergil. EdUed, wUh Notes at the end, by Francis 
Storr, B. a., Chief Master of Modern Subjects at Merchant Taylor^ 

School. * 

Books I. and II. 2s. 6d. Books XI. and XII. 2s. 6d. 

Small Svo. is. 6d, 

Virgil, GeOrgiCS. book IV. Edited, with Life, Notes, Voca- 
bulary, and Index, by C. G. Gepp, M.A., Assistant Master at 
. Bradfield College. 

Waterloo Place, listv^otu 
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Third Editunty Revised, Crown Svo, 3J. 6d, 

Stories from Quid in Elegiac Verse, with Notes and 

Marginal References to the "Public School Latin Primer." By 
R. W. Taylor, M.A., Head Master of Kelly College, Tavistock, 

New Edition, Revised, Croi/on Svo. 2s, 6d. 

Stories from Ovid in Hexameter Verse. Meta- 
morphoses. With Notes and Marginal References to the " Public 
School Latin Primer." By R. W. Taylor, M.A. 

New Edition, Revised, \2mo, 2s, 6d, 

EclogCe OuidianCe, From the Eleglac Poems. With English Notes. 
By Thomas Kerchever Arnold, M.A. 

Second Edition, Small Svo, 2s, 

Cicero de Amicitia. EdUed, with introduction and Notes, by 
Arthur Sidgwick, M.A., Fellow and Tutor of Corpus Christi 
College, Oxford, 

Small Svo, ^s, 6d, 

Ccesar. De Bello Gallico. books 1.-111. Edited by 

J. H. Merryweather, M,K,,and C.C.Tancock, M.A., Assistant 
Masters at Charterhouse, 

Book I. separately. 2s, 
Crown Svo, y, 6d, 

Exercises on the Elementary Principles of Latin 

Prose Composition. By]. Hamblin Smith, M.A., of Gon- 
ville and Caius College, and late Lecturer in Classics at St, Peter*s 
College, Cambridge, ^ k^y. Sj. 

Small Svo, 3^. dd, 

Liuy, BOOK II. Chiefly from the text of Madvig, with Notes, 
Translations, and Appendices. Edited by Henry Belcher, M.A., 
Master of the MatrictUation Class, King^s College School, London. 

Fourth Edition, Crown Svo, 2s. 6d, 

Latin Prose Exercises. For Beginners, and junior Forms of 
Schools. By R. Prowde Smith, B.A., Assistant Master at 
Cheltenham College, 

Waterloo Place, 1jotvOlot\. 
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Crown Svo. 2s, 6d. 

Latin Passages adapted for Practice in Unseen 

Translation, For the use of Middle Forms of Schools. By 
J, Y. Sargent, M.A., Fellorw and Tutor of Hertford College, 
Oxford; and Editor of " Materials and Models for Latin and Greek 
Prose Composition." 

Crown Svo, 

Exercises in Translation at Sight a selection of 

Passages from Greek and Latin Authors. For the use of Students. 
Arranged and translated by K, W. Spratt, M.A., and K, Pretor, 
M.A., Fellows of St, Caiharine^s College^ Cambridge, 

Vol. I. — The Original Passages. 4j. td, 

VoL II.— The English Versions. {Now ready, 

i6mo, 

A Latin-English Dictionary for Junior Forms of 

Schools, By C. G. Gepp, itl.A., Assistant Master at Bradfeld 
College, [In the press. 

This work aims at supplying in a concise form and at a low price all the information 
required by boys in Middle Class Schools, or in the Junior Forms of Public Schools. 
Archaisms (with the exception of such as occur in the most commonly read authors), 
words peculiar to Plautus, and words found only in late or ecclesiastical Latin, have been 
accordingly excluded. On the other hand. Proper Names have been briefly yet adequately 
treated in alphabetical order in the body of the work. No effort has been spared to ensure 
completeness and accuracy, all references having been verified from the latest and most 
approved editions of modem scholars. 

%vo. On a Cardf is. 

Outlines of Latin Sentence Construction. By e. d. 

Mansfield, M. A., Assistant Master at Clifton College. 
Second Edition, Crown Sz^o. *js, 6d, 

Classical Examination Papers, Edited, with Notes and 

References, by P. J. F. Gantillon, M.A., Classical Master at 
Cheltenham College, 
Or, interleaved with writing-paper, half-bound, lOJ. (yd. 

New Edition, re-arranged, with fresh Pieces and additional References, 

Crown Svo. 6s. 6d, 

Materials and Models for Latin Prose Composition. 

Selected and arranged by J. Y. Sargent, M.A., Fellow and Tutor 
of Hertford College, Oxford, and T. F. Dallin, M.A., laU Tutor 
and Fellow of Queen^s College, Oxford, 
A Key to Selected Pieces (ii6), for the use of Tutors only. ^s. 
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Crown Sivo, 

Terenti ComcedicB. Edited by t. l. papillon, m.a., Feiimv 

and Tutor of NrM College^ Oxford, 
ANDRIA ET EUNUCHUS. With Introduction on Prosody. 41. 6^. 
Or separately, ANDRIA. y, 6d, EUNUCHUS. y. 

Crown S/vo, $s, 

Juuenalis Satirce. thirteen satires. Edited by g. 

A. SiMCOX, M.A., Fellow of Queen^s College^ Oxfords 

Crown %vo, 3^. 6d, 

Persii SatirCB. Edited by a. Pretor, M.A., FeUcm of St. 
Catharine* s College, Cambridge. 

Crown Svo. *js, 6d, 

Horati Opera, By J. M. Marshall, M.A., Head Master of 
Durham School, 

Vol. I.— the ODES, CARMEN SECULARE, and EPODES. 

Also separately, THE ODES. Books I. to IV. is, 6d, each. 

Crown Svo. 

Taciti HistOriOB. Edited by W. H. Simcox, M.A., Fell(nv of 
Queen^s College, Oxford, 

Books I. and II., 6j. Books III., IV., and V., 6s, 
Crown Svo, Paper cover, is, each. 

Plays of the Oratory School, Birmingham. 

TERENCE — ANDRIA— PHORMIO— PiNCERNA. 

With English Notices to assist the representation. 
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GREEK 

jy<nv Editiorit Revised, Crown S^o, ^s, 6d, 

A Primer of Greek Grammar with a Preface ^ john 

Pbrcival, M.A., LL.D., President of Trinity College, Oxford; 
late Head Master of Clifton College. 

Or separately, crown Sivo. 2s. 6d, 

Accidence* By Evelyn Abbott, M.A., LL.D., Fell(rw and Tutor 
of Balliol College, Oxford; and E. D. MANSFIELD, M.A., 
Assistant Master at Clifton College, 

Crown S/vo, is. 6d, 

Syntax. By E. D. Mansfleld, M.A., Assistant Master at Clifton 
College. 

New Edition. Crown Svo. y. 6d. 

A Practical Greek Method for Beginners, Being a 

Graduated application of Grammar to Translation and Composition. 
By F. Ritchie, M.A., TAe Beacon, Sevenoaks, and late Assistant 
Master at the High School, Plymouth ; and E. H. MoORE, M.A., 
Assistant Master at the High School, Plymouth, 

A Key for the use of Tutors only. 5j. 

Crown Svo. 2s. 6d, 

A IVIanUal of Greek Verbs, with Rules for the Formation of 
Tenses, and Tables of Verbs for Practice. By F. Ritchie, M.A., 
The Beacon, Sevenoaks, and late Assistant Master at the High 
School, Plymouth; and E. H. MoORE, M.A., Assistant Master at 
the High School, Plymouth. 

Small Sfz/o. is. 6d. 

GraeCUla. a First BooU of Greek Translation. Rules, Short Sen- 
tences, Stories for Translation, and a Vocabulary. By H. R. 
Heatley, M.A., Assistant Master at j^illbrow School, Rugby, 

A Key for the use of Tutors only. 5^. 
Small Svo. 2s. 

Easy Latin and Greeli Grammar Papers. For the 

use of Public and Private Schools. Prepared by H. R. Heatley, 
M,A,, Assistant Master at Hillbro7v School, Rugby. 
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New Edition^ Revised. Crown Svo. 3^. 6d, 

A First Greek Writer By Arthur Sidgwick, M.A., Fell<mf 
and Tutor of Corpus Christi College, Oxford ; late Assistant Master 
at Rugby School, and Fellow of Trinity College, Cambridge, 

A Key for the use of Tutors only. 5^. 
Fourth Edition, Revised. Crown %vo. 5j. 

An Introduction to Greeli Prose Composition, with 

Exercises. ^^ Arthur Sidgwick, M.A. 

A Key for the use of Tutors only, ^s. 

Second Edition, Revised, Crown Svo, 5 j. 

An Introduction to Greeli Verse Composition, with 

Exercises. By Arthur Sidgwick, M.A., Fellow and Tutor of 
Corpus Christi College, Oxford; and F. D. MORICE, M.A., 
Assistant Master at Rugby School, and Fellow of Queen'' s College, 
Oxford, 

A Key for the use of Tutors only. 5^. 

Sixth Edition. \2mo, ^s. 

The First Greek Booh. On the plan of Brenry*s First Latin 
Book, By Thomas Kerchever Arnold, M.A. 

A Key for the use of Tutors only, is, 6d, 
Ne7v Edition, Revised, Crown Svo, 3J. 6d, 

Arnold's First Greek Book. By francis david morice, 

M.A., Assistant Master at Rugby School, and Fellow of Queen^s 
College, Oxford, 

A Key for the use of Tutors only. 5^. 
Cloth limp, 2fvo. 6d, 

Elementary Card on Greek Prepositions. By Rev. 

E. Priestland, M.A., Spondon House School, Derbyshire, 

Crown %vo, 9</. 

A Short Greek Syntax. Extracted from "Xenophon's Anabasis, 
with Notes." By R. W. Taylor, M.A., Head Master of Kelly 
College, Tavistock. 

Waterloo Place, IjonAoxx. 
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Crown St/o, &. 6d. 

A Syntax of Attic Greek for the use of Students 

and Schools. By F. E. Thompson, M. A., Assistant Master at 
Marlborough College, 

Third Edition. Imperial i6mo, Ss, 6d. 

Maduig 's Syntax of the Greek Language, especially 

of the Attic Dialect For the use of Schools. Edited by 
Thomas Kerchbvbr Arnold, M.A. 

Tenth Edition, $zw. 5^. 6d. 

A Practical Introduction to Greek Accidence. By 

Thomas Kerchever Arnold, M.A. 

Fourteenth Edition, ^0, $s, 6d, 

A Practical Introduction to Greek Prose Com- 
position. By Thomas Kerchever Arnold, M.A. 

A Key for the use of Tutors only, is, 6d, 
New Edition^ Revised, Crown $vo, $s. 6d, 

Arnold's Practical Introduction to Greek Prose 

Composition, By Evelyn Abbott, M.A., LL.D., Eellow and 
Tutor ofBalliol College^ Oxford, 

A Key for the use of Tutors only. 3J. 6d, 
Crown Svo, 4s, 6d, 

Elements of Greek Accidence. By evelyn abbott, 

M.A., LL.D., Fellow and Tutor of Balliol College, Oxford. 

Crown Svo. 4s. 6d, 

An Elementary Greek Grammar By j. hamblin 

Smith, M.A., of Gonville and Caius College, and late Lecturer in 
Classics at St, Peter* s College, Cambridge, 

Cloth limp, Svo. is, 

A Table of Irregular Greek Verbs, classified 

according to the arrangement of Crusius's Greek 

Grammar, By Francis Storr, B.A., Chief Master of Modern 
Subjects at Merchant Taylor^ School, and late Assistant Master at 
Marlborough College, 
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Crown Svo, 

Exercises in Translation at Sight a selection of 

Passages from Greek and Latin Authors. For the use of Students. 
Arranged and Translated by K, W. Spratt, M.A., and K, PretOR, 
M.A., Fellows of St, Catharine* s College, Cambridge, 

Vol. I. — The Original Passages. 41. 6d, 
Vol. II. — The English Versions. 

Crown %vo, *js. 6d, 

Etyma GraeCa. An Etymological Lexicon of Classical Greek. 
By E. R. Wharton, M.A., Lecturer and late Fellow of Jesus 
College, Oxford, 

Second Edition, Crown Svo, *js, 6d, 

Classical Examination Papers. Edited, with Notes and 

References, by P. J. F. Gantillon, M.A., Classical Master at 
Cheltenham College, 

Or interleaved with writing-paper, half-bound, lOJ. dd. 

Second Edition^ containing fresh Pieces and additional References, 

Crorum Svo, 5j, 

Materials and Models for Greek Prose Composition. 

Selected and arranged by J, Y. Sargent, M.A., Fellow and Tutor 
of Hertford College, Oxford; and T. F. Dallin, M.A. 

A Key to Selected Pieces (92), for the use of Tutors only. *]s, 6d, 

Crown Svo, 2s. 

lophon : An Introduction to the Art of Writing 

Greek Iambic Verses. By the Writer of "Nuces" and 
"LucretiUs." 

Fifth Edition, Crown Svo, is, 6d, 

Stories from Herodotus. The Tales of Rhampslnltus ana 
Polycrates, and the Battle of Marathon and the Alcmaeonidae. In 
Attic Greek. Edited by J. Surtees Phillpotts, M.A., Bead 
Master of Bedford Grammar School, 

New Edition, Revised, Small Svo. y, 6d, 

Selections from Lucian. with English Notes. ^P^^Evelyn 
Abbott, M.A., LL.D., Fellow and Tutor of Balliol College, Oxford, 

_ -w - 

Waterloo Place, 'LoTvdati. 
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Small Sfvo. IS. 6d, each. 

Scenes from Greek Plays, rugby edition. 

Abridged and adapted for the use of Schools^ by Arthur Sidgwick, 
M.A., Fdhnu of Corpus Christi College^ Oxford^ late Assistant 
Master at Rugby School^ and Fellow of Trinity College^ Cambridge, 

Aristophanes. 

THE CLOUDS. THE FROGS. THE KNIGHTS. PLUTUS. 

Euripides. 

IPHIGENIA IN TAURIS. THE CYCLOPS. ION. 
ELECTRA. ALCESTIS. BACCHiE. HECUBA. 



Fourth Edition, Crown S/z/o, y, 6d, 

stories in Attic Greefi. Fonnmg a Greek Reading Book for 
the use of Junior Forms in Schools. With Notes smd v ocabulary. 
By Francis David Morice, M.A., Assistant Master at Rugby 
School^ and Fellow of Queen* s College, Oxford, 

New Edition, Crown Svo* 

The Anabasis of XenOphOn. Edited, with Preface, intro- 
duction, Historical Sketch, Itinerary, S3nitax Rules^ Notes, Indices, 
Vocabularies, and Maps, by R. W. Taylor, M. A., Head Master of 
Kelly College, Tavistock, and late Fellow of St. John's College, Cam- 
bridge, 

Books I. and IL 3j. 6d, Books III. and IV. 35. 6d. 
Also separately, Book I., 2s. 6d. ; Book IL, 2s. 

Crown %vo, 2s, 6d, 

XenOphon 'S AgesilaUS. Edited, with syntax Rules, and Refer- 
ences, Notes, and Indices, by R. W. Taylor, M.A. 

Second Edition, Smqil ^o, 2s, 

Xenophon's Memorabilia, book l, with a few omissions. 

Edited, with an Introduction and Notes, by C. E. Moberly, M.A., 
formerly Scholar of BcUliol College, Oxford, 

New Edition, SmaU %uo. 2s, 

Alexander the Great in the Punjaub. Adapted from 

Arrian, Book V. An Easy Greek Reading Book. Edited, wijh 
Notes and a Map, by C, E. Moberly, M.A., formerly Scheiir 
^ Balliol College, Oxford, 
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SnuUl S/vo. 

Homer's Iliad, Edited, with Notes at the end for the Use of Jmifcr 
Students, by Arthur Sidgwick, M.A., Fellow of Corpus ChfisH 
College, Oxford; late Assistant Master at Rugby School^ and Fellow 
of Trinity College, Cambridge, 

Books I. and II. 2s. 6d. 

Book XXI. is. 6d. Book XXII. is. 6d, 

St/iall Svo. 2s. 

Homer without a Lexicon, for Beginners, ilia^, 

Book VI. Edited, with Notes giving the meanings of all the less 
common words, by J. Surtees Phillpotts, M.A., ITead Master of 
Bedford Grammar School. 

Fifth Edition. i2mo. 3J. 6«/. 

Homer for Beginners, iliad, books 1.-111. with English 

Notes. By Thomas KLerchever Arnold, M.A. 

Fifth Edition. i2mo. i2s. 

The Iliad of Homer. with English Notes and Grammatical 
References. By Thomas Kerchever Arnold, M.A. 

Crown Svo. 6s. 

The Iliad of Homer. books I.-XII. From the Text of 
Dindorf. With Preface and Notes. By S. H. Reynolds^ M^A.^ 
late Fellow and Tutor of Brasenose College, Oxford. 

Sz/o. i^. 

Myths of the Odyssey in Art and Literatures 

Illustrated with Outline Drawings. By J. E. HA^kisoN. 

New Edition. i2mo. gs. 

A Complete Greek and English Lexicon for 

the Poems of Homer and the Homerfdw. by g. 

Ch. Crusius. Translated fix)m the German. Edited ^ T, K. 
Arnold, M.A. 

Crown Sivo. 4s, td, 

Isocratis Orationes. ad demonicum et panegyricus. 

Edited by JOHN Edwin Sandts, M»A., Fellow and Tutor ^ St. 
John^s College^ Cambridge^ and Public Orator of the University. 

Waterloo Place, Ijondoxu 
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Hellenioa. A Collection of Eaaaya on Greek Poetry, 
Philosophy, History, and Religion. Edited by Evelyn 

Abbott, M.A., LL.D., Fdlowand Tutor of BalUd College^ Oxford, 

CoNTRNTS. — ^Aeschylus. £. Mvers. M.A.^The Theology and Ethics <A Sophocles. 
£. Abbott, M.A., LL.D. — System of Education in Plato's Republic R. L. Nettleship, 
1C.A. — ^Aristotle's Conception of the State. A. C Bradley, m.a. — Epicurus. W. £. 
Courtney, m.a. — ^The Speeches of Thucydides. R. C. Jebb. m. a. ,ll.d. — ^Aenophon. H. G. 
Dakyns, M.A.— Polybius. J. L. S. Davidson, m.a.-— Greek Oracles. F. W. H. Myers, m.a. 

ifVO, l8x. 

The Antiquities of Greece, the state. Translated from 

the German of G. F. Schoemann. By E. G. Hardy, M.A, 
Head Master of the Grammar School^ Grantham; and J, S. Mann, 
M. A., Fellow of Trinity Collide, Oxford. 

Crown ^0. 

Herodoti Historia. ZdUed by H. G. woods, M.A., FeUm 
of Trimity CdUge^ Oxford. 

Book L 6f. Book IL $5. 

i2mo. 

Demosthenes, Edited, with EngUsh Notes and Grammatical 
References, by Thomas Kerchever Arnold, M. A. 

OLYNTHIAC ORATIONS. Third Edition, y. 

ORATION ON THE CROWN. Second Edition. ^. 6d. 

Crown Suo. ^. 

Demosthenis Orationes Priuatcs. de corona. 

Edited by Arthur Holmes, M.A., late Senior Fellow and Dean 
of Clare CoUege, Cambridge. 

Crown Svo. 

Demosthenis Orationes Publicce. Edited by g. h. 

Heslop, M.A., late Fellow , and Assistant T^Uor of Queen* s College, 
Oxford; Head Master of Si. Bees. 

OLYNTHIACS, 2j. 6d, \ ^^ . ^„^ Voin«« a^ m 
PHILIPPICS, is. S ' Volmne^ 4^. 6d. 

DE FALSA LEGATIONE, Ss. 

Crown SiHf, 

Aristophanis ComoBdice, Edited by w. c. green, m.a., 

late Fellow of Jdn^s College, Cambridge; Assistant Master at 

Rugby School. 
THE ACHARNIANS and THE KNIGHTS. 4^. 
THE CLOUDS, y. 6d. THE WASPS, y. 6d. 
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Second Edition^ Revised and Enlarged. Crown Svo. los. 6d, 

An Introduction to Aristotle's Ethics, books i.-iv. 

(Book X., c. vi.-ix. in an Appendix). With a Continuous Analysis 
and Notes. Intended for the use of Beginners and Junior Students. 
By the Rev. Edward Moore, B.D., Principal of St. Edmund HaU^ 
and IcUe Fellow and Tutor of QueerCs College^ Oxford, 

Second Edition. Crown Svo, y. 6d. 

Selections from A ristotle 's Organon. Edited by john 

R. Magrath, D.D., Provost of Queen* s College^ Oxford, 

i2mo, 

Sophocles. Edited 6y T. K. Arnold, M.A., Archdeacon Paul, 
and Henry Brown, M. A. 

AJAX. 3J. OEDIPUS TYRANNUS. 4s. 

Crown ^0. 

Sophoclis TragcedicB. Edited ^ r. c. jebb, m. a., lld.. 

Professor of Greek at the University of Glasgow ^ late Fellow and 
Tutor of Trinity College^ Cambridge, 

ELECTRA. 3J. 6d. AJAX. jj. ed. 

Crown Siz/o. Ss. 6d, 

Sophocles. Translated into English Verse. By Robert Whitelaw, 
M.A., Assistant Master in Rugby School ; late Fellow of Trinity 
College^ Cambridge, 

Crown %vo, 6s. 

ThUCydidiS HistOria. books I. and II. Edited by Charles 
Bigg, D.D., late Senior Student and Tutor of Christ Churchy 
Oxford; formerly Principal of Brighton College. 

Crown ^o. 6s. 

Thucydidis Historia. books hi. and iv. sdued byOuiu 

SiMCOX, M. A., Fellow of Queen* s College^ Oxford, 

Sixth Edition, S^o, 21s, 

A Copious Phraseological English-Greek Lexicon. 

Founded on a work prepared by J. W. Fradersdorff, Ph.D., late 
Professor of Modem Languages ^ Queen* s College, Belfast, Revised^ 
Enlarged, and Improved by Thomas Kerchever ARNOLD, M. A., 
and Henry Browne, M.A. 

Waterloo Place, 1-otvi^otu 
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Third Edition, Crown ^o. 2s, 6d, 

Short Notes on the Greek Text of the Gospel of 

8t Mark. By J. Hambun smith, M.A., of GowuUU and 
Cams CoUege^ Caniridge, 

Cnmn Sw. \s, 6d, 

Notes on the Greek Text of the Acts of the 

Apostles. By J. Hamblin Smith, M.A., ofGonvUle and Cairn 
College^ Cambridge, 

Crown ^0, 6s. 

Notes on the Gospel According to S, Luke. 

By the Rev. Arthur Carr, M. A., Assistant Master at WelHngton 
College^ late Fellow of Oriel College, Oxford, 

New Edition, ^vols, ^vo, 'i02s. 

The Greek Testament WiAi a Critlcany ke^ed Text ; a 
Digest of Various Readings ; Marginal References to Verbal and 
Idiomatic Usage; Prol^omena; and a Critical and Exegetical 
Commentary. For the use of Theological Students and Ministers. 
By Henry Alford, D.D., late Dean of Canterbury, 

The Volumes are sold separately, as follows : — 

Vol. I.— THE FOUR GOSPELS. 28f. 
VoL n.— ACTS TO 2 CORINTHIANS. 24*. 
Vd. ttl.— GALATIANS TO PHILEMON. \%s, 
VoL IV*— HEBREWS to REVELATION. 32*. 

New Edition, 2 vols, Tmperial $vo. 60s, 

Th6 Gr&eh TeStttmetlt, with Notes, introductions, and index. 
By Chr. Wordsworth, D.D., Bishop of Lincoln, 

The Parts may be had separately, as follows : 

*fHE eOSPEW. i& 

THE ACTS. &. 

St. tAUL'S EPISTLES. 2y. 

GENERAL EPISTLES, REVELATION, and INDEX. i6s, 

Waterloo Place, Ixhtv^otl. 
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CATENA CLASSICORUM 

Crown Zvo, 

Aristophanis ComcBdiae. By w. c. Green, M.A, 

THE ACHARNIANS AND THE KNIGHTS. \s. 
THE WASPS, y. td. THE CLOUDS, y. 6d. 

Demosthenis Orationes Publicae. ByG. H. Heslop, m.A. 

THE OLYNTHIACS. 2s. 6d. \ ^^ . On^v«i„«.a ..c f^ 
THE PHILIPPICS, y. ] ^^' "^ ^""^ Volume^ 4^. 6d. 

DE FALSA LEGATIONE. 6s, 

Demosthenis Orationes Privatae. By A. Holmes^ m. a. 

DE CORONA. Si. 

Herodoti Historia. By H. G. Woods, M.A. 

Book I., dr. Book II., 5^. 

Homeri Ilias. By S. H. Reynolds, M.A. 

Books I.-XII. 6s. 

Horati Opera, By J. M. Marshall, M.A. 

THE ODES, CARMEN SECULARE, and EPODES. 7^. 6d. 
THE ODES. Books I. to IV. separately, is, 6d. each. 

Isocratis Orationes. ify John Edwin Sandys, M. A. 
AD DEMONICUM ET PANEGYRICUS. 4^. 6d. 

Juvenalis Satirae. By G. A. Simcox, M.A. 5^. 
Persii Satirae, By A. Pretor, m.a. 3^. 6d. 
Sophoclis Tragoediae. By R. c. Jebb, M.A. 

THE ELECTRA. 3^. 6d, THE AJAX. 3^. 6d. 

Taciti Historiae. By W. H. Smcox, M.A. 

Books I. and II., 6s. Books III. IV. and V., 6s. 

Terenti Comoediae. By T. L. Papillon, m. a. 

ANDRIA AND EUNUCHUS. With Introduction oa 

Prosody. ^,6d. Qt separately. 
ANDRIA. With Introduction on Prosody, 3^. 64, 
EUNUCHUS. y. 

Thucydidis Historia. 

Books I. and II. By Charles Bigg, D.D. dr. 
Books III. and IV. By G. A. Simcox, M.A. 6s, 



Wat^loo Place^ Voxl^^ii,. 
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DIVINITY 

Nem and Revised Editions. Small $vo. ^s. 6d. each. Sold separately. 

Manuals of Religious Instruction. Edm by 

John Pilkington Norris, D.D., Archdeacon of Bristol, 

The Old Testament. | The New Testament.. 

The Prayer Book. 

Cheap Edition, Small Siz/o, is, 6d, each. 

Keys to Christian Knowledge. £,theK^.-i.n. 

Blunt, D.D., Editor of the ''Annotated Book of Common Prayer." 



The Holy Bible. 
The Book of Common 
Prayer. 



The Church Catechism. 
Church History, Ancient. 
Church History,Modern. 



By John Pilkington Norris, D.D., Archdeacon of Bristol, 

The Four Grospels. | The Acts of the Apostles. 



\%mo, IS, 6d. 

Easy Lessons Addressed to Candidates for Con- 

firmation. By J. p. Norris, T>,T>,,'Archdeacon of Bristol, 
New Edition, Small ^o, is. 6d, 

A Manual of Confirmation. By edward meyrick goul- 

burn, D.D., Dean of Norwich, 

Crown 8z/^. 7 j. td. 

Some Helps for School Life. Semons preached at CUfton 
College, 1862-1879. By J, Percival, M.A., LL.D., President of 
Trinity College, Oxford, and late Head Master of Clifton College, 

Crown Svo. 5^. 

Modern Laodiceans and other Sermons, chiefly 

preached to Bradfield Boys. By the Rev. H. B. Gray, M.A., 
Warden of Bradfield College, Berks, 

Crown Svo, is. Cloth limp, is, 6d. 

Study of the Church Catechism. Adapted for use as a 

Class Book. By C. J. SherwilL Dawe, M.A., Lecturer and 
Assistant Chaplain at St, Mar^s College, Chelsea, 

Waterloo Place, Ijotl^otv* 
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New Edition, Small Svo, 3^. 6d, 

Household Theology, a Handbook of Religious Information 
respecting the Holy Bible, the Prayer Book, the Church, the 
Ministry, Divine Worship, the Creeds, &c. &c. By the Rev. John 
Henry Blunt, D.D., F.S.A. 

Second Edition^ Revised, Crown Svo, ys. 6d, 

Rudiments of Theology, a First Book for students. By 
John Pilkington Norris, D.D., Archdeacon of Bristol, 

idmOy IS, 6d,; Paper Covers, is,; or in Three Parts, 6d, each. 

The Young Churchman's Companion to the Prayer 

Book, By the Rev. J. W. Gedge, M.A., Diocesan Inspector of 
Schools for the Archdeaconry of Surrey, 

Part I.— MORNING and EVENING PRAYER, and LITANY. 
Part IL— BAPTISMAL and CONFIRMATION SERVICES. 
Part IIL— THE HOLY COMMUNION. 

Second Edition, Large type, 2^0, is. 

Prayers for a Young Schoolboy. By the Rev. e. b. pusey, 

D.D. Edited, with a Preface, by H. P. LiDDON, D.D., Canon 
Residentiary of St. Paul's, 

Second Edition, iSmo. is, 6d. 

The Way of Life, a Book of Prayers and Instruction for the 
Young at School. With a Preparation for Holy Communion. 
Combed by a Priest. Edited by the Rev. T. T. Carter, M. A. 

l6mo, 2s, 6d. 

A Plain Exposition of the Thirty-nine Articles of 

the Church of England. For the use of Schools. By the 
Rev. William Baker, D.D., Head Master of Merchant Taylors^ 
School, and Prebendary of St, PauVs, 

i 

Crown i6mo. Cloth limp, is, 6cl, 

A Manual of Devotion, chiefly for the Use of 

Schoolboys, ' By William Baker, D.D., ffead Master of 
Merchant Taylor^ School, With Preface by J. R. WoODFORD, D.D., 
Lord Bishop of Ely, 

Water J 00 Place, l^oxvdoxi^ 
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GERMAN 

New Editiofiy Revised, ^to. ^. 6d. 

A German Accidence for the Use of Schools. 

By J. W. J. Vecqueray, Assistant Master at Rugby School, 

Crown $vo. 2s. 

First German Exercises, Adapted to Vecquera/s " German 
Accidence for the Use of Schools." By E. F. Grenfell, M.A., 
iaU Assistant Master at Rugby School. 

Crown ^0* 9s. 6d. 

German Exercises. Part IL with Hints for the Translation 

of English Prepositions into German. Adapted to Vecqueray's 
" German Accidence for the Use of Schools." By^, F. Grenfell, 
M. A., late Assistant Master at Rugby School, 

New Edition, Crown Svo, 4s. 6d. 

Selections from Hauff's Stories, a First German 

Reading Book. Edited by W. E. Mullins, M. A. , Assistant Master 
at Marlborough College, and¥. Storr, B.A., Chief Master of Modem 
Subjects in Merchant Taylors^ School, 

Also, separatily, crown Svo. 2s, 

Kalif Stork and The Phantom Crew. 

Eighth Edition. i2mo. $s, 6d, 

The First German Book, By t. k. Arnold, m.a., and 

J, W. Fradersdorff, Ph.D. Key, 2s. 6d, 

Second Edition, Crown Svo, 2s. 6d, 

LeSSing'S Fables. Arranged in order of difficulty. A First 
German Reading Book. By F. Storr, B.A., Chief Master of 
Modern Subjects in Merchant Taylors* School, and late Assistant 
Master in Marlborough College, 

Crown %vo. ^s, 6d, 

Goethe's Faust part I. Text, with En^ish Notes, Essays, and 
Verse Translations. By E. J. Turner, M.A., and E. D. A. 
MORSHEAD, M. A., Assistant Masters at Winchester College, 

Waterloo Place^ i^oxv^oxu 



FEENCH.] EDUCATIONAL LIST. 35 



FRENCH 

Crown Svo. 

Exercises in French Syntax, with Rules, bj^ g. 

Sharp, M.A., Assistant Master at Marlborough College, 

Crown Svo, 

Passages for Unseen French Translation. By 

C. H. Parry, M.A., Assistant Master at Charterhouse, 
New Edition. Small Svo, 2s. 

A Graduated French Reader with an introduction on 

the Pronunciation of Consonants and the Connection of Final 
Letters, a Vocabulary, and Notes, and a Table of Irregular Verbs 
with the Latin Infinitives. By Paul Barbier, Professor at Uni- 
versity College^ Cardiff. 

Crown Svo. 

The Campaigns of NapOieOn, The Text {in French) from 
M. Thiers' "Histoire de la Revolution Fran9aise," and "Histoire 
du Consulat et de 1' Empire." Edited, with English Notes and 
Maps, for the use of Schools, by Edward E. Bo wen, M.A., 
Master of the Modern Side, Harrow School, 

ARCOLA. 4J. ed, MARENGO. 4f. 6rf. 

JENA. 3J. 6d, WATERLOO. 6^. 

New Editions. Crown Svo, ^s, 6d, each. 

Selections from Modern French Authors. Edited, 

with English Notes Mid Introductory Notice, by Henri Van Laun, 
Translator of Taine's " History of English Literature." 

HONOR6 DE BALZAC. H. A. TAINE. 

Small Svo. 2s, 

La Fontaine's Fables, books l and il Edited, with 

English Notes at the end, by Rev. P. Bowden-Smith, M.A., 

Assistant Master at Rugby School, 

Sixth Edition. i2mo, $s. 6d. 

The First French Book. By t. k. Arnold, m.a. 

Key, 7.S. 6d, 

Waterloo Place, \-otAoxv* 
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MISCELLANEOUS 

IVitk Maps, Small Sz/o, 

A Geography, Physical, Political, and Descriptive. 

For Banners. By L. B. Lang. Edited by the Rev. M. 
Creighton, M.A., LL.D., late Fellow and Tutor of Merion College, 
Oxford, 

Vol. L the BRITISH EMPIRE. 2j. ed. 
Part I. Thb British Isles, xs. 6d. Part II. The British Possessions, xs. 6d. 

Vol. II. THE CONTINENT OF EUROPE. 3^. 

Vol. hi. ASIA, AFRICA, AND AMERICA. 2s, 

Stncdl^o, 2s. 6d, each part. 

Modern Geography for the Use of Schools. 

By C. K MOBERLY, M.A., formerly Scholar of Balliol College, 
Oxford. 

Part I. NORTHERN EUROPE. 

Part II. THE MEDITERRANEAN & ITS PENINSULAS. 

Crown Svo. 3^. 6d, 

At Home and Abroad; or, First Lessons in 

Geography. By j. k. laughton, m. a., f.r. a.s., f.r.g.s., 

Mathematical Instructor and Lecturer at the Royal Naval College, 
Second Edition, Crown Svo, 2s, 6d, 

The Chorister's Guide. By w. a. barrett, mus. Bac 

Oxon., Vicar Choral of St, PaiiVs Cathedral^ Author of " Flowers 
and Festivals," ^c. 

Crown Svo, 2s, 6d, 

An Introduction to Form and Instrumentation. 

For the use of Beginners in Composition. By W. A. Barrett, 
Mus. Bac. Oxon., Vicar Choral of St, Paul*s Cathedral, 

Seventh Edition^ Revised, i2mo, Js, 6d, 

The First Hebrew Book. By t. k. Arnold, m.a. 

Key, 3j. 6d, 

Waterloo Place, l-oxv^ow. 
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By y. Hamblin Smith, 

Elementary Algebra. Small Svo, y. Without Answers, 2s. 6^. 

Key to Elementary Algebra. Crcmm Svo, gs. 
Exercises on Algebra. Small Svo, 2s, 6d. 

Arithmetic. Small Svo, ss. 6d, 

Key to Arithmetic. Crmvn Svo, gs. 
Elements of Geometry, small Svo, ss. 6d. 

Books I. and II., limp cloth, price is, 6d,, may be had separately. 

Key to Elements of Geometry. Crcnm 2^0, 8j. 6d. 

Trigonometry. Small Svo, ^. 6d, 

Key to Trigonometry. Crcmm Svo, p. 6d. 

Elementary Statics. Small Svo, 3^. 

Elementary Hydrostatics. Small Svo, y. 

Key to Elementary Statics and Hydrostatics. Crazm 

Svo, 6s, 

Book of Enunciations for Hamblin Smith's Geometry, Al- 
gebra, Trigonometry, Statics, and Hydrostatics. Small Svo, is. 

An Introduction to the Study of Heat. Small Svo, 31. 

Latin Grammar. Crown Svo, ss. 6d, 

Exercises on the Elementary Principles of Latin 

Prose Composition, Crown §vo, 3^. 6d, 

Key to Exercises on Latin Prose Composition. 

CroTvn Svo, $s. 

An Elementary Greek Grammar. Crown Svo, 4^. 6d. 

The Rudiments of English Grammar and Compo- 
sition. Crown Svo, 2s. 6d. 

Notes on the Greek Text of the Acts of the Apostles. 

Crown Svo, 4f. 6d, 

Notes on the Greek Text of the Gospel of St. Mark. 

Crown Svo, 2s. 6d. 

Waterloo Place, l^oivdoxv.. 
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jBy Arthur Stdgwick. 
An Introduction to Greek Prose Composition. 

Crown ^0, $s, A Key, 51. 

An Introduction to Greek Verse Composition. 

Crown Sz/o, 5j. A Key, S^. 

A First Greek Writer. Crozvn Svo, zs. 6d. A Key, sj. 
Cicero de Amicitia. Small ^0, 2s. 

Homer's Iliad. SmallSvo, books I. andll., 2s. 6d. BOOK 
XXL, IS. 6d. BOOK XXII., is. 6d. 

Scenes from Greek Plays. * Smaii Svo, each u. 6</. 

ARISTOPHANES : The Clouds, The Frogs, The Knights, Plutus. 
EURIPIDES : Iphigenia m Tauris, The Cyclops, Ion, Electra, 
Alcestis, Bacchse, Hecuba. 

By George L. Bennett. 

First Latin Writer. Crcnm Svo, is. 6d. A Key, sj. 

First Latin Exercises. Crown S^o, 2s. 6d. 

First Latin Accidence. Croum %vo, is. ed. 

Second Latin Writer. Crtrwn &uo, y. 6d. A Key, 51. 

Easy Latin Stories for Beginners. Cr. Svo, 2s. 6d. A Key, sj. 

Yiri lUustres Urbis Romae. Small Svo. 

Second Latin Reading Book. cr. Svo, 2s. 6d. A Key, ss. 

Selections from Caesar. The Gallic War. Small Svo, 25. 

Selections from Vergil. smaU Svo, is. 6d. 

Easy Unseen Latin Passages. i6mo, is. A Key, 3^. 6d. 

By R. W. Taylor. 

Xenophon'S Anabasis. Crown Svo. Books I. and II., y. (yd. ; 
III. and IV., 3j (yd. Also separately, Book I., 2s. 6d. II., 2s. 

Xenophon'S AgesilauS. Crown Svo, 2s. dd. 

A Short Greek Syntax. Cr(ram Svo, gd. 

stories from Ovid in Elegiac Verse. Crown Svo, y. 6d. 

Stories from Ovid in Hexameter Verse- metamor- 
phoses. Crown Svo, 2s. 6d. 

Scott's Lady of the Lake. Forming a Volume of the " English 
School Classics." Small Svo, 2s. ; or in Three Farts, eaUch (^. 

Waterloo Place, l.atvdLOiv. 
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